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We apply the recent graphical frame-
work of “Quantum Lego” to XP stabilizer
codes where the stabilizer group is gen-
erally non-Abelian. We show that the
idea of operator matching continues to
hold for such codes and is sufficient for
generating all their XP symmetries pro-
vided the resulting code is XP. We provide
an efficient classical algorithm for track-
ing these symmetries under tensor con-
traction or conjoining. This constitutes a
partial extension of the algorithm implied
by the Gottesman-Knill theorem beyond
Pauli stabilizer states and Clifford opera-
tions. Because conjoining transformations
generate quantum operations that are uni-
versal, the XP symmetries obtained from
these algorithms do not uniquely identify
the resulting tensors in general. Using
this extended framework, we provide ex-
amples of novel XP stabilizer codes with
a higher distance than existing non-trivial
XP regular codes and a [[8, 1, 2]] Pauli sta-
bilizer code with a fault-tolerant T gate.
For XP regular codes, we also construct a
tensor-network-based maximum likelihood
decoder for any independently and identi-
cally distributed single qubit error channel
using weight enumerators.

1 Introduction

The stabilizer formalism [1] or, more precisely,
the Pauli stabilizer formalism (PSF), has made
a profound impact in numerous areas of quan-
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tum computation and communication, such as
quantum error correction, simulation, and quan-
tum networks. While powerful in providing effi-
cient classical simulations of stabilizer states and
Clifford processes, they are limited in describ-
ing the full range of operations that are neces-
sary for quantum advantage. For example, it is
known that novel quantum error correcting codes
(QECCs), beyond those described by the Pauli
stabilizer formalism, can be the key to improving
universal fault-tolerant quantum computation, in
constructing stable self-correcting quantum mem-
ories, and in understanding quantum many-body
systems with non-Abelian symmetries, e.g. [2–5].
Therefore, explorations beyond PSF are pivotal
as we move toward fault-tolerance.

Several notable extensions beyond PSF build
on its success by allowing the underlying stabi-
lizer subgroup to be non-Abelian [6, 7]. Among
them is the XP formalism (XPF) [7], which con-
tains the PSF as a special case; and in general
considers stabilizer states and codes defined by
the non-Abelian subgroups of the XP group. In
particular, pioneering work by Webster et al. [7]
discusses the construction of XP stabilizer codes,
their connection with weighted hypergraph states
and their classical simulability. Furthermore, the
formalism provides a more natural language to
identify transversal non-Clifford gates [8] which
can be useful for the design of novel magic state
distillation protocols. However, much remains to
be explored for the XP stabilizer codes compared
to its Pauli stabilizer counterparts. This includes
many key properties of XP stabilizer states as well
as an efficient description of their transformation
under various quantum processes. Before one
can convincingly demonstrate any advantage of
XP codes for fault-tolerance, we also need to lay
down some necessary groundwork, such as a more
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comprehensive characterization of the code prop-
erties, an explicit construction of XP decoders,
and a larger collection of non-trivial XP stabi-
lizer codes that are distinct from Pauli stabilizer
codes. Like all quantum codes, it is also necessary
to improve its scalability and flexibility when en-
gineering larger codes with more desirable error
correction properties.

In this work, we tackle the aforementioned
challenges by applying the nascent Quantum
Lego (QL) formalism [9] to XP codes. In doing
so, we rephrase XP regular codes as Quantum
Lego blocks and provide novel insights concern-
ing XP codes. XP regular codes are XP stabilizer
codes that are structurally similar to CSS codes
[7] and encode qubits in qubits, as opposed to
non-regular codes which are similar to codeword
stabilized quantum codes [10] and can encode
more general structures on qubit degrees of free-
dom. We then discuss how these XP Legos can
be combined to create larger codes and especially
how they transform under tensor contractions.
Writing these codes in a check matrix represen-
tation, we provide an efficient algorithm to track
its XP symmetries under operator matching, or
equivalently, how the state/code transforms un-
der “Lego fusion” or conjoining. XP symmetry
is a subgroup of the XP group that leaves the
encoding isometry invariant. By keeping track
of XP symmetries, it is efficient to describe XP
codes under various operations. Because such
conjoining operations over XP Legos can gener-
ate universal gate sets and measurements, they
further induce an algorithm for describing how
XP states transform under quantum processes al-
lowed in the XPF, which include the Clifford op-
erations and those from the higher Clifford hierar-
chy. However, this classically efficient description
is not without limitations — classical algorithms
cannot describe universal quantum processes in
polynomial time unless BQP ⊂ P . Indeed, the
contraction of XP Legos does not remain an XP
stabilizer state in general — such efficient repre-
sentations over finite rings are only guaranteed
to fix the output state uniquely if it is also XP.
When the combined state is not XP, then opera-
tor matching identifies a set of states with those
matching symmetries.

By leveraging the recent developments in quan-
tum tensor weight enumerators [11, 12], we also
provide a method to compute the enumerator for

any XP code constructed from QL, which con-
tains key properties of the code, such as its (bi-
ased) distance. In particular, we provide an ex-
plicit maximum-likelihood (ML) decoder for XP
regular codes under any independently and iden-
tically distributed (i.i.d.) single site error chan-
nel. Because any XP code can be built from QL
with the appropriate choice of Legos, this consti-
tutes a tensor-network-based recipe for construct-
ing an ML decoder for the class of XP regular
codes.

Finally, note that the general problem of con-
structing interesting XP codes can be difficult,
partly due to the prohibitive cost of the search.
Using QL, we drastically reduce this cost by gen-
erating novel codes from fusing XP Lego blocks
and providing some working examples under this
framework. Note that QL is also powerful in de-
signing codes with target transversal single qubit
gates starting from suitable Lego blocks. As such,
we produce a [[7, 1, 1]] code with transversal log-
ical T that can be converted into a [[8, 1, 2]] code
with fault-tolerant logical T . The latter consti-
tutes the smallest example with such a fault-
tolerant gate to the best of our knowledge and
may be used for magic state distillation. In ad-
dition, although QL can accommodate any quan-
tum codes in principle, all known QL examples
are constructions involving Pauli stabilizer codes.
Hence our work also provides the first instance of
creating non-(Pauli)-stabilizer codes from QL.

In Sec. 2, we review the basics of the XPF and
discuss some novel results that we will use for
this work. In Sec. 3, we discuss the conjoining
of XP Legos and their properties. In Sec. 4 we
construct optimal decoders for regular XP codes
and discuss how enumerators may be used to an-
alyze their properties. This includes, for exam-
ple, an optimal decoder for the double semion
model [13] under any i.i.d. single site error. We
then provide examples of XP codes that have not
been previously discovered in Sec. 5, including a
novel [[7, 1, 3]] XP code that is not local unitary
equivalent to the Steane code and a Pauli sta-
bilizer [[8, 1, 2]] code with fault-tolerant logical T
gate. Finally, we summarize our findings in Sec. 6
and conclude with a few forward-looking remarks.
The text is structured in such a way that readers
can comprehend the general idea without exten-
sive background on XPF or QL. In the Appen-
dices, we provide novel results, a more in-depth
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discussion, and proofs for theorems in the main
text.

2 The XP Stabilizer Formalism
The XP formalism (XPF) introduced by [7] re-
volves around the XP group, GN = ⟨ωI,X, P ⟩,
which captures a set of unitary, but not necessar-
ily Hermitian, operators acting on a qubit. Its
generators are

ωI : =
(
eiπ/N 0

0 eiπ/N

)
, (2.1)

P : =
(

1 0
0 ω2

)
, X :=

(
0 1
1 0

)
where the integer parameter N ≥ 2 is known as
the precision of the group1. Structurally, the XP
group for a single qubit is related to the dihedral
group DN of order 2N such that GN/Z(GN ) ∼=
DN . Here Z(GN ) = ⟨ωI⟩ represents the center
of the group. It is clear that the phase operator
P generates the rotation and X generates reflec-
tions.

The XP group Gn
N = G⊗n

N over n qubits can
be obtained by taking its n-fold tensor product.
An Abelian subgroup generated by XP strings
consisting of the tensor product of ωI and P is
sometimes known as the diagonal subgroup of GN

and its elements the diagonal operators. Notice
that forN = 2, the XP group reduces to the Pauli
group Pn, while for N = 4 it reduces to the XS
group [6]. Like the Pauli group, the XP group is
clearly non-Abelian; but instead of having group
elements that commute up to a global phase like
the Pauli group and its qudit extensions [14], the
XP operators commute up to a diagonal operator:
PX = ω2XP−1 = (XP )(ω2P−2).

Like the Pauli group, it is also convenient to
represent the elements of the XP group as a vec-
tor u = (x|z|p) ∈ Zn

2 ×Zn
N ×Z2N , then the group

element corresponds to u is

XPN (u) = ωp
⊗

0≤i<n

Xx[i]P z[i]. (2.2)

For example, the so-called anti-symmetric opera-
tor introduced by [7] is

DN (z) = XPN (0| − z|
∑

i

z[i]) (2.3)

1In this work, we do not consider cases where N is
not an integer, even though such an extension should be
possible.

so the multiplication of XP group elements can
be written as

XPN (u1)XPN (u2) = XPN (u1 + u2)DN (2x2z1).
(2.4)

Here both the addition and multiplication are
entry-wise.

Any subgroup of the XP group S ⊂ Gn
N can

be expressed as a check matrix where the gen-
erators of the group correspond to the rows of
this matrix and group multiplication is mapped
to the special row operation shown in (2.4). Sim-
ilar to PSF, the three sets of columns of the check
matrix respectively describe the power of the X
operators, the power of P operators, and finally
the global phase of the stabilizer. However, note
also the distinction from PSF as the z section of
the matrix no longer lives in a binary field.

Such a check matrix can be rearranged into the
canonical form where the rows correspond to the
canonical generators. These generators are either
the diagonal operators SZ = {SZi}, for which x =
0, or non-diagonal operators SX = {SXj} where
x ̸= 0. In this form, the submatrices formed by
SX ,SZ have the following properties:

• The X-part of SX is in the Reduced Row
Echelon Form (RREF).

• The P-part of SZ , with the phases, is in the
Howell Form, which can be seen as a gener-
alization of RREF to rings.

Any operator g ∈ S can be expressed in the
form of g = ΠiS

ai
Xi

ΠjS
bj

Zj
, for some i, j and ai ∈

Z2, bj ∈ ZN .
With the subgroup S, one can define a Hilbert

subspace C = {|ψ⟩ : ∀g ∈ S, g|ψ⟩ = |ψ⟩}. If C
is not empty, then it identifies the code subspace
of an XP stabilizer code. Note that the stabi-
lizer group S is generally non-Abelian. As in the
PSF, the projector onto the code subspace can
be represented in a compact form in terms of the
stabilizer elements.

Proposition 2.1. Let C be an XP stabilizer code
with canonical generators SX ,SZ , then projector
onto C can be written as

ΠC = 1
2nXNnZ

∑
i=1,...,nX
mi={0,1}

∑
j=1,...,nZ

lj={0,..,N−1}

∏
i

Smi
Xi

∏
j

S
lj
Zj

=
nX∏

i

1
2

1∑
mi=0

Smi
Xi

 nZ∏
j

 1
N

N−1∑
lj=0

S
lj
Zj


(2.5)
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where nX = |SX |, nZ = |SZ |.

Recall that in PSF, the stabilizer group (with
phases) uniquely defines the Pauli stabilizer code
and vice versa. Interestingly, this is no longer
true in XPF, where generally multiple stabilizer
groups can share the same code subspace C. Con-
sider a simple example where C = {|0⟩} fixed by
S1 = ⟨Z⟩. However, for any even N > 2, we
realize that the group SLID = ⟨P ⟩ > S1 also sta-
bilizes |0⟩. In fact, any non-trivial subgroup of
SLID does so. Intuitively, this is because the en-
tire XP symmetry of a code is often unnecessary
in identifying C. To resolve this ambiguity, it is of-
ten convenient to track the unique subgroup SLID
that captures all of the XP symmetries of the
code. This group is known as the logical identity
group (LID), which is a group that contains all
stabilizer groups of C as subgroups at any fixed
precision.

One may also recall that an [[n, k]] Pauli sta-
bilizer code has n − k stabilizer generators and
wonder whether the same holds for XP codes. Al-
though this is not true in general, we find that a
version of this relation can be preserved for a sub-
class of XP codes known as the regular XP codes
when the precision is a power of 2. Let LX be
the set of non-diagonal logical generators of an
XP-regular code.

Theorem 2.1. An n-qubit XP-regular code C
with precision N = 2t for some positive integer t
must have |SX |+ |LX |+ |SZ | = n.

For such regular codes, the logical subalgebra
encodes k = |LX | tensor product of qubits, i.e.,
hence the number of generators of the LID group
is precisely n−k. For proofs and extended discus-
sions related to (regular) XP codes, see App. A.

3 Combining XP Legos
3.1 Quantum Lego
Before combining “Quantum Lego blocks”, let us
briefly discuss what they are and review the idea
behind QL. Readers familiar with this framework
can skip to Sec. 3.2. QL is a graphical frame-
work for building QECCs from smaller codes that
are often called atomic Legos, or seed codes in
[9, 15, 16]. These atomic Legos are then joined
together in a way that generalizes code concate-
nation. In particular, it is shown [9] that with

suitable choices of simple “Lego blocks”, the op-
erations in QL can generate all quantum codes,
which would include the XP codes. Another fea-
ture of QL that distinguishes it from the conven-
tional tensor network (TN) approach or graphical
calculus like [17, 18] is that it uses the symmetries
of the code, which is often required for the con-
struction of fault-tolerant gates, to track and de-
sign its properties more efficiently. Such a process
is known as operator pushing or operator match-
ing, which has demonstrated its power in control-
ling the check weights and recovering non-trivial
constructions such as topological codes with sim-
ple and graphically intuitive reasonings. More
recently, it has been discovered that the prop-
erties and decoders of codes built from QL can
also be obtained up to exponentially more effi-
ciently using a new technique based on tensor
weight enumerator polynomials [11, 12]. As the
rules for code generation are incredibly simple,
it has also been used for automated code de-
sign with strategies based on reinforcement learn-
ing [19, 20]. Most importantly for this work, QL
is also valid beyond PSF.

We can further summarize the QL operations
in 3 aspects:

• Identifying the atomic Legos

• The combination of such building blocks,
and

• The designation of logical vs physical degrees
of freedom.

The identification of atomic Legos is a choice
where we restrict ourselves to building codes from
a small selection of seed codes. It is often easy
to find codes over a small number of qubits
with brute force search in obtaining its encoding
isometry V . In QL, we represent V graphically
(Fig. 1a) by its coefficients, which can be written
as a tensor Vi1i2.... Because the tensor is oblivious
to whether it was obtained from a state or a map,
we use these concepts interchangeably in QL.
Graphically, the specific designation of a tensor as
a map or state comes from whether we appoint a
“leg” to be physical (outputs) or logical (inputs).
Mathematically, this interchangeable designation
between state and encoding map is given by the
Choi-Jamiolkowski isomorphism [21, 22]. More-
over, QL is designed to track the symmetries, in-
stead of the components, of the tensor (Fig. 1b).

Accepted in Quantum 2025-09-12, click title to verify. Published under CC-BY 4.0. 4



Definition 3.1. A unitary operator U is said
to describe a symmetry of a tensor Vi1,...,in if for
|V ⟩ =

∑
i1,...,in

Vi1,...,in |i1, . . . , in⟩

U |V ⟩ = |V ⟩.

In other words, U is a symmetry if it stabilizes
the state whose coefficients are given by the ten-
sor V. From now on we use V to denote tensors
with components Vi1,...,in where we will assume
that a canonical choice of basis ei1,...,in , such as
the computational basis, is used. In this work,
we do not distinguish upper and lower indices (or
basis and dual basis). For example, if the atomic
Lego is a Pauli stabilizer code, then the relevant
symmetries contain its stabilizer and normalizer
elements. This is the case, for instance, if U is a
Pauli string or Oi’s are Pauli operators in Fig. 1b.
In that case, these symmetries also uniquely de-
termine the tensor V, which allows us to design
codes without ever discussing the tensor compo-
nents Vi1,...,in .

These atomic blocks can then be joined to-
gether by graphically connecting their legs. This
corresponds to tensor contractions in the tensor
network, which is colloquially known as “trac-
ing”2.

Definition 3.2. Consider a tensor V with com-
ponents Vi1,...in . We denote tracing (or tensor
contraction) that connects wires ij , ik as an op-
eration ∧j,k such that

∧j,kV↔
∑
ij ,ik

Vi1,...,inδij ,ik
,

where δab is the Kronecker delta.

Graphically, tracing simply joins the wires cor-
responding to the indices that are summed over.
Note that V could be a tensor product of two or
more uncontracted tensors, in which case tracing
can join together disconnected components.

Physically, if each atomic Lego corresponds to
a state, then (up to normalizations) connected
edges correspond to Bell fusions, where the con-
nected physical qubits are projected onto a Bell
state, and then discarded. This is summarized as
the following lemma.

2We use ∧j,k to denote tensor contraction of indices
j, k. It should be clear from context that it is not the
wedge product.

Lemma 3.1. Let |V ⟩, |W ⟩ be the state defined
by tensor V,W respectively, then tracing corre-
sponds to

W = ∧j,kV↔ |W ⟩ = ⟨Φ+|V ⟩ = ∧j,k|V ⟩ (3.1)

where |Φ+⟩ = |00⟩ + |11⟩ is supported on tensor
factors j, k.

The symmetries of these joined Lego blocks are
then generated through operator pushing (see Sec
2.3 of [9]) or operator matching.

Theorem 3.1 (Operator Matching). Let U ⊗
Oj ⊗Ok ⊗U ′ be a unitary symmetry of V where
Oj , Ok act on the jth and kth leg/qubit respec-
tively. Suppose Oj = O∗

k where ∗ denotes com-
plex conjugation, then U ⊗ U ′ supported on the
Hilbert space except factors j and k is a symme-
try of ∧j,kV.

See [9, 11] for more detailed discussions and
proofs for Lemma 3.1 and Theorem 3.1. An ex-
ample of this is shown in Fig. 1c where Oi’s and
Qi’s denote the symmetry of the blue and red ten-
sors respectively. If Q3 = O∗

3 and Q2 = O∗
2, then

the remaining operators acting on the dangling
edges is a symmetry of the contracted tensor net-
work. By repeating this matching process for all
the local symmetries of each tensor, we obtain a
set of symmetries for the traced tensor network.
We use O∗ to denote the complex conjugate of O
and O† for the conjugate transpose in this work.

In PSF, the symmetries generated by matching
the stabilizers of each local tensor are sufficient to
uniquely identify any code constructed by fusing
the atomic blocks. These matching symmetries
can also be tracked and generated efficiently over
check matrices with an operation called conjoin-
ing. Suppose H is a check matrix of the sta-
bilizer state, or that of the dual stabilizer Choi
state defined by a Pauli stabilizer encoding map,
then for prime q, the conjoining operation is a
map ∧j,k : Fn×2n

q → F(n−2)×2(n−2)
q from the space

of check matrices over n qudits to the space of
check matrices over n − 2 qudits3. See App. D
of [9]. Because this operation can be performed
with row and column operations over the check
matrices, they are classically tractable even for
large n.

3For clarity, here we have dropped the phase column
in the stabilizer check matrix.
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Figure 1: (a) A tensor Vi1i2i3i4i5 can be expressed graphically where each index is assigned to a dangling leg. The
same tensor can be used to construct states or maps but these objects are related to each other via the channel state
duality (yellow arrow). The in-going blue arrow marks the input/logical degree of freedom while the out-going blue
arrows mark output/physical degrees of freedom. (b) A tensor has a symmetry if it is invariant after contracting with
operators. (c) If the local symmetries on the blue and red tensors, marked by O’s and Q’s respectively, are matching,
then the operators acting on the connected edges satisfy Q3 = O∗

3 and Q2 = O∗
2 . It is customary to drop the boxes

when writing the symmetries to avoid clutter.

Finally, recall that the legs themselves may be
interpreted as either physical qubits (output legs)
or logical qubits (input legs) (Fig. 1a right). If the
unitary symmetry of the tensor admits a product
structure, then the same symmetry may represent
a stabilizer or a logical operator depending on
how the legs are assigned.

Let us partition the indices of Vi1,...,in into two
complementary sets J and Jc, to which we can as-
sign the Hilbert spaces HJ and HJc respectively.
We discussed above that a state |V ⟩ can be ob-
tained from the tensor, but so can a linear map
V : HJc → HJ such that

V =
∑

ja∈J,kb∈Jc

Vj1,j2,...,k1,k2,...|j1, j2 . . . ⟩⟨k1, k2 . . . |.

(3.2)
The Schmidt coefficients of |V ⟩ can now be re-

lated to the (nonzero) singular value spectrum
of V up to normalization factors. For this work,
we will focus on the maps that are isometric, thus
representing encoding maps. Without loss of gen-
erality, let |Jc| ≤ |J |. If |V ⟩ is maximally entan-
gled between J and Jc, then V is an isometry.

Proposition 3.1. Suppose V is an isometry and
U = OJ ⊗QJc is a unitary symmetry of its Choi
state |V ⟩, then the code admits a logical operator

such that Q̄t = OJ .

This implies that given a |V ⟩ that is sufficiently
entangled across certain bipartitions, one can ob-
tain different encoding maps even from the same
TN in a way similar to code shortening.

For example, consider a [[4, 2, 2]] code whose
stabilizer group is generated by XXXX and
ZZZZ and has logical operators X̄1 =
XXII, Z̄1 = ZIZI, X̄2 = XIXI, and Z̄2 =
ZZII. The tensor representation has six
legs, two of which correspond to the two log-
ical qubits while the other four the physical
qubits. If we re-designate the first logical leg
as a physical qubit instead, then it becomes
a [[5, 1, 2]] code with stabilizer group S =
⟨XXXXI,ZZZZI,XXIIX,ZIZIZ⟩ and logi-
cal operators X̄ = XIXII, Z̄ = ZZIII. On the
other hand, if we re-assign one of the physical
indices in the [[4, 2, 2]] code as logical degrees of
freedom, then the same tensor can be used as an
encoding isometry for a trivial [[3, 3, 1]] code4.

For more complex example that moves beyond
code shortening, Ref. [9] shows that the surface
code and the 2d Bacon-Shor code are interchange-
able via this duality where V also need not be an

4For more explicit examples involving the [[4, 2, 2]] CSS
code, see Appendix A of [19].
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XPF

Hilbert Space

PSF
Magic

Figure 2: Pauli stabilizer states (blue box) only cover
a fraction of the whole many-body Hilbert space. In
contrast, XP states with arbitrary precision (red box)
encompass not only Pauli stabilizer states but also the
magic state. When combined with the Clifford opera-
tions found within PSF, they constitute a universal gate
set. Therefore, an XP Lego set is universal.

isometry. However, in this work, we only focus on
the cases where the encoding map V is an isome-
try. More often, we only focus our discussion on
states that satisfy the above entanglement crite-
ria, because they can be turned into a map in
such a way.

3.2 Fusing XP Legos and operator matching

Now we examine how the desirable traits of QL
extend to XP codes. When tracing a state, [9]
showed that the symmetries generated from op-
erator matching remain a symmetry of the joint
state. While this symmetry from matching is suf-
ficient when tracing Pauli stabilizer states, the
same need not be true when tracing XP states.
Here we provide the conditions for when they are
enough.

First we note a key difference from the XPF
in that tracing XP legos no longer needs to re-
main XP. This can be shown by counterexam-
ple in App. B and in Ref. [7], where we notice
that XP measurements are equivalent to tracing
single-qubit XP states. Intuitively, this is because
for N > 2, XP states include magics states in ad-
dition to Pauli stabilizer states. For example, the
magic state |H⟩ = |0⟩ + eiπ/4 |1⟩ is an XP state,
stabilized by XP8(1|3|2). Together with the en-
coding tensors of the repetition code (GHZ state),
the Hadamard tensors and the rank 1 tensors
from |0⟩, they can be fused to form a universal
gate set and measurement with post-selections.
As a result, their fusions can produce states dense
in the Hilbert space (Fig. 2) as shown by Theo-
rem 2.3 of [9]. Since the XP states by themselves
are not dense in the Hilbert space (Lemma A.4),

even though they are far more numerous than
Pauli stabilizer states, there must exist fusions of
XP states that are not XP.

Theorem 3.2. Tracing an XP stabilizer state
with precision of N > 2 does not always produce
an XP stabilizer state for any precision.

Corollary 3.1. Tracing XP stabilizer states at a
fixed precision N = 2t > 2 does not always pro-
duce an XP stabilizer state of the same precision.

Conversely, it is also possible to produce an XP
state by tracing non-XP states — consider an XP
state that is produced by tracing two XP states.
We now rotate one wire of the Lego by U which
takes it out of the XP state space. We then rotate
the other Lego by U∗.

Therefore, we do not expect operator matching
to be able to uniquely identify the state in gen-
eral. From the complexity theoretic perspective,
these statements are unsurprising because, as we
will see later, operator matching (or check matrix
conjoining) can be performed classically with an
efficient algorithm. Since tracing enables univer-
sal quantum computation, such operator match-
ing should not be able to specify all outcomes of
a quantum computation efficiently.

For the present work, we would like to focus
on the cases where trace does return an XP state
of the same precision instead of a general quan-
tum state. The reason for this restriction is two-
fold: 1) symmetries present in an XP state (but
lacking in a general state) allow us to identify
fault-tolerant gates. 2) The symmetries of the
XP states permit a classically tractable check ma-
trix description over binary fields and finite rings,
similar to [23, 24]. Note that Theorem 2.1 pro-
vides a necessary condition for when the state is
XP.

Like the Pauli case, we can track the symme-
tries, or more precisely, the LID group of the
post-trace state using the conjoining operation
over XP check matrices. We give an algorithm
for this procedure below:

This algorithm updates the LID check matrix
of a state after a self-trace on two qubits by con-
structing new generators that satisfy a specific
matching condition. Without loss of generality,
we take the self-trace to be on the first two qubits.
The procedure begins with a pre-processing step
on the initial check matrix, S, to consolidate X-
supports. It iterates through pairs of generators,
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Algorithm 1: Operator matching on
check matrix

MZ = [], LID = []
CanonicalForm(S)
for r, r′ ∈ S do

if the restriction of r, r′ to the first two
qubits has non-trivial X support on only
the 1st or the 2nd qubit respectively then
r ← rr′, remove r′ from S

end if
end for
for r ∈ SZ do

if r acts on the first two qubits then
MZ ← Append(MZ , r)

end if
end for
for r ∈ S do

if Match(r,MZ) exists then
LID ← Append(LID,Match(r,MZ))

end if
end for
CanonicalForm(LID)

and if one has an X on the first qubit and the
other has an X on the second , they are multi-
plied into a single generator. This ensures that
any X-support on the traced qubits appears as
X1X2 or I1I2 within a single row. Following this,
the algorithm enforces the full matching condi-
tion for an operator Xa1P b1 ⊗Xa2P b2 acting on
the traced qubits, which requires a1 = a2 and
b1 + b2 = 0 (mod N). To satisfy the condition
on the P -parts, we identify the diagonal genera-
tors MZ acting on the traced qubits. For each
generator r in the pre-processed set, we find a
combination from ⟨MZ⟩ that modifies r to meet
the matching criterion. Finally, all resulting non-
trivial matched generators form the new LID af-
ter removing the columns for the traced qubits
and converting the matrix to its canonical form.

Like in the Pauli case, this algorithm is poly-
nomial in n for any fixed N . Repeated applica-
tions of Algorithm 1 as a subroutine allow us to
produce the XP symmetries of the resulting ten-
sor network. Note that the dominant cost of the
subroutine is limited by the conversion into the
canonical form [25].

Consider the set of quantum gates or processes
dual to XP states, which we call XP processes.
For general N = 2t, this also includes any Clif-

ford gate and stabilizer measurements. However,
as we noted earlier, the inclusion of higher pre-
cision XP states also includes non-trivial phase
gates and elements from higher levels of the Clif-
ford hierarchy. For the subset of these XP pro-
cesses that map XP states to XP states, conjoin-
ing also provides a classically efficient method for
simulating these dynamical processes by repre-
senting them as operations over finite fields and
rings. This is similar to Ref. [23], but also ac-
commodates non-(Pauli)-stabilizer states. Thus
it can be considered a partial extension of the
traditional stabilizer simulation. It is conceivable
that a full extension of such methods can lead to a
more comprehensive simulation algorithm beyond
PSF and those based on Abelian groups [24, 26].
We leave this to future work.

Finally, none of the above would have been ef-
fective if conjoining or operator matching did not
fix the post-trace XP state.

Theorem 3.3. Suppose |W ⟩ = ∧j,k|V ⟩ such
that both |W ⟩, |V ⟩ are XP states, then opera-
tor matching on the logical identity group of |V ⟩
produce the entire logical identity group of |W ⟩.

This result is key for QL as it implies that the
language of operator pushing continues to serve
as a useful graphically intuitive and computation-
ally efficient guide for building non-Pauli stabi-
lizer codes.

An example of the conjoining operation is
shown below where we glue together two physical
legs of the tensor to make a 5-qubit code. Con-
sider the stabilizer group generators for a [[7, 2, 2]]
code defined with precision N = 8:


1 1 1 0 0 0 0 0 0 7 0 0 0 0 9
0 0 0 1 1 1 1 0 0 0 1 2 3 4 14
0 0 0 0 0 0 0 1 0 7 0 0 0 0 0
0 0 0 0 0 0 0 0 1 7 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 4 4 4 4 8

 .
(3.3)

We will perform a self-trace on the first two
qubits, and derive the XP stabilizer for the post-
tracing 5-qubit code by following Algorithm 1. A
self-trace here is a check matrix operation that
one induces by connecting the two legs (or con-
tracting two indices) on the same tensor. It is
defined in detail for Pauli stabilizer codes in App.
D of [9].

First, since the X part is already matched,
we search for diagonal operators that act non-
trivially on the first two qubits. As stated in the
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text, rows 3 and 4 of the original check matrix
satisfy this condition, so there are two elements
in MZ .

Then, we try to match each row within MZ .
Recall that the matching condition of the check
matrix comes from operator matching in the ten-
sor network. Since we work with XP operators
Xa1P b1 and Xa2P b2 , two such operators match
if a1 = a2 and b1 + b2 = 0 mod N . Therefore, the
first and second rows satisfy the matching condi-
tion. For the third and fourth rows, they need
to be matched with each other to cancel the P
operator on the traced leg. One can do so by
multiplying −1 on the fourth row and add, but
that will lead to a trivial vector, i.e., an identity
operator. The fifth row satisfies the matching
condition trivially.

The collection of non-trivial operators result-
ing from this matching process thus forms the
new LID group. Since self-trace will annihilate
two physical qubits by projecting them onto the
Bell state and discarding them, we remove the
1st, 2nd, 8th, and 9th columns of the check ma-
trix (3.3) that correspond to these two qubits.
Finally, we obtain the check matrix for the post-
trace code: 1 0 0 0 0 7 0 0 0 0 9

0 1 1 1 1 0 1 2 3 4 14
0 0 0 0 0 0 4 4 4 4 8

 . (3.4)

3.3 Atomic XP Legos
Recall that tracing the atomic Legos S,H, |0⟩ and
the 2 qubit repetition codes cover the entire set
of Pauli stabilizer codes. We may ask whether a
similar set can be identified for the XP states (or
XP regular codes). While we note that the addi-
tion of any tensor derived from any non-Clifford
gate would be sufficient to approximate any state
to an arbitrary degree of accuracy, it still makes
sense to ask whether we can identify the mini-
mal element needed to reproduce the XP states
exactly.

Theorem 3.4. Any XP state of precision N
can be produced by atomic Legos P,H, |0⟩
and the 2 qubit repetition codes where P =
diag(1, exp(iπ/N)).

Proof. We use the fact that any XP state of
precision N can be mapped to weighted hyper-
graph states with generalized control phase op-
erators {CP (p/2N,v)}, where the phase factor

is exp(2iπp/2N) when acting on |e⟩ and ev = v
and 1 otherwise. Note that with |0⟩, H and rep-
etition codes, one can prepare |+⟩ and CZ gates.
It remains to show that we can prepare such
generalized control phase gates needed for the
weighted hypergraph states.

This is possible with a prescription by [27]
where one alternates control-nots (which can
be built from CZ and H) and phase gates
P = diag(exp(∓iϕ/2), exp(±iϕ/2)), (or P =
diag(1, exp(±iϕ)) if shifted by a global phase that
does not affect the outcome of the computation.
The resulting generalized CP can be chosen to
have a non-trivial phase factor that is any inte-
ger multiple of ϕ/2 by inserting phase gates at
the right places. In our case, it is sufficient to
have ϕ = exp(iπ/N).

Note that for precision N = 2, P = Z these are
exactly the Pauli stabilizer atomic Legos. How-
ever, it is clear from the previous theorems that
tracing these components can take us out of the
set of XP codes with precision N as long as
N > 2.

Given the set of atomic Legos, another perti-
nent question is how many such components are
needed to prepare a tensor network that describes
a state or code of interest. While an efficient
method is still under exploration, one can provide
rough estimates based on gate synthesis through
tensor tracing. As mentioned above and in [9]
one can construct unitary gates by contracting
tensors. This seems to indicate that in order to
prepare states with exponential circuit complex-
ity, exponentially many atomic tensors may be
required. This, however, need not be true, as
the tensor network is a classical description that
includes post-selections. Therefore, a state with
exponential circuit complexity may be prepared
with polynomial time with post-selection. Such
a measurement-based state preparation process
can then be converted into a tensor network. Al-
though this TN description of the state can be
exponentially hard to contract, the number of
atomic tensors remains polynomial in the num-
ber of qubits.

4 Optimal Decoders
Error correction in the Pauli stabilizer codes pro-
ceeds by measuring the commuting check opera-
tors or stabilizer generators. Depending on the
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error patterns, one obtains a list of syndromes s.
Based on the syndrome information, a decoder is
then run to determine the correction operator to
be applied to the code. The error is corrected
if the overall error and correction process imple-
ments a logical identity in the code. However,
because the XP stabilizer group is non-Abelian,
both the syndrome extraction and the traditional
stabilizer decoding process may need to be re-
worked.

Fortunately, this challenge is not unique to the
XP stabilizer codes. For example, it is known
that multiple rounds of decoding can be imple-
mented in topological codes with non-Abelian
symmetries [28] by decomposing and decoding
a sequence of Abelian stabilizer codes. In our
case, notice that the dihedral group admits a
cyclic normal subgroup generated by the diago-
nal generator P and hence a short exact sequence
1 → ZN → DN → Z2 → 1 in the language
of [28]. Independently, a similar two-step rou-
tine is suggested by [7] and [6]. In these decoding
schemes, one first decodes the code CZ stabilized
by the Abelian diagonal subgroup of S, then per-
forms any recovery operation needed to restore
the state back to CZ . In the second round, the
non-diagonal checks, which commute within CZ

are measured and a decoding scheme similar to
the Abelian code follows. Although the outline
of the syndrome extraction process is known, no
explicit decoder has been proposed to the best
of our knowledge. For the error correction pro-
cess, we first follow the syndrome extraction out-
lined by [7], we then construct a maximum like-
lihood decoder for XP-regular codes under any
i.i.d. single qubit error channels by building upon
the recent work by [12]. We show that the gen-
eral enumerator method can be fully extended to
decode XP codes in a way similar to Pauli stabi-
lizer codes. As such, the efficiency is comparable
and would be largely limited by the hardness of
(approximate) tensor network contractions.

Assuming that we are given the QL construc-
tion of the XP code, i.e., we have a tensor net-
work definition of its encoding map along with its
check matrix in the canonical form by perform-
ing the conjoining operations such that genera-
tors SX ,SZ are known. From SZ , [7] shows that
one can identify a set of diagonal Pauli generators

Π𝒞

ΠZ

Πsz,sx

Esz
ΠZE†

sz

1. Measure , get .RZ Esz

2. Measure , get .S′￼
X Esx4. Recover errors at once.

3. Use tensor enumerator 
to calculate , get .p(L̄ |s) L̄

Figure 3: Illustration of the two-round decoder.

RZ such that

ΠZ = 1
|⟨RZ⟩|

∑
s∈⟨RZ⟩

s = 1
|⟨SZ⟩|

∑
s∈⟨SZ⟩

s,

i.e., the two Abelian stabilizer codes stabilized by
the two diagonal groups coincide.

Let us consider the physical error model that
acts identically across all qubits such that the er-
ror channel on each qubit ρj is given by the Kraus
operators:

ρj →
4∑

i=1
KiρjK

†
i . (4.1)

Let us write the error channel E that acts on the
entire system ρ as

E(ρ) =
∑

i
KiρK†

i (4.2)

where

Ki = Ki1 ⊗Ki2 ⊗ · · · ⊗Kin ,

and i is over all quaternary strings of length n.
For the sake of conceptual clarity, let us per-

form the following two-step syndrome extraction
(as shown in Fig. 3) where for now we overlook its
practical implementation, which we explain near
the end. We start by measuring the Pauli checks
RZ , which define a Pauli stabilizer code. From
the syndromes sz, one can identify any Esz in
the coset. We then correct the error Esz and re-
set the code into the subspace supported on ΠZ .
Next, we measure the generators SX , obtaining
its syndromes sx. It is easy to show that one
can always determine a diagonal error operator
Esx with such a syndrome. This measurement
projects the state onto the subspace supported
by EsxΠCE

†
sx

, where ΠC is the projection onto
the XP code subspace defined in the code projec-
tor (2.5). We then restore the state to the code
subspace by applying E†

sx
.
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For |ψ̃⟩ ∈ C, the probability that the above
process incurs a logical error L̄ is then

p(L̄ ∩ sx,z, Esx,z ) = (4.3)∫
dµ(|ψ̃⟩)

∑
i

Tr[L̄|ψ̃⟩⟨ψ̃|L̄†E†
sx

ΠsxE
†
sz

ΠszKi|ψ̃⟩⟨ψ̃|

× K†
i ΠszEsz ΠsxEsx ],

where the projection onto non-trivial syndrome
subspace is related to that onto the trivial syn-
drome subspace as Πsz = Esz ΠZE

†
sz

and Πsx =
EsxΠCE

†
sx

. The integral is evaluated over the nor-
malized uniform measure. Plugging in these ex-
pressions and simplify by noting that Esx is di-
agonal and hence commutes with ΠZ , we obtain

p(L̄ ∩ sx,z, Esx,z ) = 1
K(K + 1)

(∑
i

Tr[KiΠCK†
i Πs]

(4.4)

+
∑

i
Tr[KiΠCẼ

†
s ] Tr[K†

i ẼsΠC ]
)

where Ẽs = EszEsxL̄, and Πs = ẼsΠCẼ
†
s . We

recognize the above expression is nothing but

p(L̄ ∩ sx,z, Esx,z ) (4.5)

=B(k; ΠC ,Πs) +A(k; ΠCẼ
†
s , ẼsΠC)

K(K + 1) ,

where A(u;M1,M2), B(u;M1,M2) are the gener-
alized coset enumerators introduced by [12] and
k = {kP P ′} are the coefficients by expanding the
Kraus operators of the single qubit error channel
in the Pauli basis,∑

i

Ki ·K†
i =

∑
P P ′

kP P ′P · P ′.

For detailed definitions, see Sections 2 and 3 of
[12].

As long as Ẽs is a tensor product of single qubit
operators, any enumerators of the above form can
be evaluated using the tensor enumerator tech-
nique given a QL construction of the code. Since
p(L̄|sx,z, Esx,z ) = p(L̄ ∩ sx,z, Esx,z )/p(sx,z, Esx,z )
and p(sx,z, Esx,z ) is a constant for a fixed syn-
drome, we then complete the maximum likeli-
hood error correction process by undoing L̄Esx

for which p(L̄ ∩ sx,z, Esx,z ) is maximized.
In practice, it is equivalent (in the Heisenberg

picture) to measure the checks RZ , immediately

followed by S′
X = Esz SXE

†
sz

instead of perform-
ing an active recovery operator Esz in between.
Then the error can be undone all at once at the
very end by applying Ẽ†

s . Note that although
SX ,S′

X are generally non-Hermitian, they only
have eigenvalues ±1 in the subspace supported
on ΠZ , acting like Pauli operators. Hence one
can use the conventional syndrome extraction cir-
cuit for the second round of syndrome measure-
ments. Further details of the decoder are found
in App. C.

The efficiency of the decoder depends on the
architecture of the tensor network that builds up
the XP code. Since the exact optimal decoding
for stabilizer codes is #P complete, the complex-
ity of ML decoding generic codes is necessarily
exponential in the system size. This is consistent
with the observation that the exact contraction
of arbitrary tensor networks is hard. Therefore,
the method can provide an efficient decoder for
certain systems where the network contraction
is efficient. For others, it still provides subex-
ponential or polynomial speed up compared to
brute force evaluation. See Sec. 4 of [12]. For
example, the tensor network construction of the
twisted quantum double is known [29, 30]. There-
fore, the above construction yields the optimal
decoder for the double semion model where the
exact ML decoder has complexity O(exp(

√
n)),

which is subexponential in the system size for any
i.i.d. single site error. In practice, the exact con-
traction of the tensor network needed for such a
theoretical ML decoder is seldom necessary; by
permitting approximate contractions when com-
puting the conditional error probabilities, addi-
tional speedup may produce efficient decoders
similar to [31, 32]. For more general XP codes
that are not built from quantum lego blocks, as
long as the check operators are given, then the
code can also be decomposed into smaller tensors
using the construction in Sec. IV of [12] which
works for non-Abelian codes. Constructing and
contracting their enumerator tensor network will
then provide the optimal decoder for these XP
codes also.

5 Novel XP codes

Although twisted quantum double models like the
double semion model are known to produce non-
trivial XP codes, there are very few known exam-

Accepted in Quantum 2025-09-12, click title to verify. Published under CC-BY 4.0. 11



ples of XP codes with N > 4 that are not also
known to be Pauli stabilizer codes, e.g. triorthog-
onal codes. Furthermore, it is difficult to verify
whether a given XP code is not simply related
to a Pauli stabilizer code by local unitary (LU)
deformations. For example, the only explicit ex-
ample of a non-trivial XP regular code that is not
known to violate the above criteria is a [[7, 2, 2]]
error detection code discovered by [7].

As a proof of principle, here we repeat the sim-
ple moves in [9] to construct another example
with a higher distance. We first identify a smaller
atomic [[4, 2, 2]] XP code and then a [[7, 1, 3]] XP
code by contracting the [[4, 2, 2]] Legos. Recall
that each regular XP code has a correspondence
with a CSS code. To construct the 4-qubit XP
code, we start from the codewords of the con-
ventional [[4, 2, 2]] CSS code by introducing ad-
ditional phases. Through exhaustive search5, we
craft the codewords for various XP [[4, 2, 2]] ten-
sors of precision N = 8. Alternatively, one can
deform the 4-qubit CSS codes with local unitaries
and use them as atomic Legos.

To create a larger code, we connect two such
atomic Legos. Note that although these [[4, 2, 2]]
XP codes may be LU equivalent to the [[4, 2, 2]]
CSS code, as their enumerators indeed coincide,
the contraction of LU deformed Legos need not
be LU equivalent to the contraction of unde-
formed legos. A simple example is the [[5, 1, 3]]
code obtained from contracting two LU-deformed
[[4, 2, 2]] codes, whereas the undeformed contrac-
tion can never attain the perfect code [11, 19].
A simple reason behind this observation follows
from operator pushing — unless the LUs in-
serted in the contracted legs can be represented
as transversal gates on the external legs, they are
generally pushed to quantum gates that act non-
locally on the physical qubits, thereby altering
the code properties relative to the undeformed
contractions. As a result, we expect this strat-
egy to be able to generate non-trivial XP codes
despite applying only local deformations on the
CSS Legos.

Taking a cue from a similar process demon-
strated in Ref. [9], where two [[4, 2, 2]] tensors
were joined to create the [[7, 1, 3]] Steane code,
we follow a similar tensor network contraction by

5We search through 167 phase sets, ultimately identi-
fying a subset of 4194304 phase sets that are consistent
with a [[6, 0, 3]] XP state.

Figure 4: Two [[4, 2, 2]] XP codes are contracted along
the same legs to produce a rank-8 tensor. The logical
leg is marked by a star.

duplicating the [[4, 2, 2]] tensors and then link-
ing their “logical legs” (the legs pointing up and
down). An encoding map for the 7 qubit code is
defined by designating a leg as the logical qubit
while the rest as physical qubits (Fig. 4).

Here we give two types of [[7, 1, 3]] XP code
with precision N = 8 that can not be represented
in PSF. The first example is similar to the Steane
code. The check matrix for the 6-leg state from
the [[4, 2, 2]] tensor is

1 0 0 1 1 1 0 0 0 0 0 0 0
0 1 0 1 0 1 0 0 0 0 0 0 0
0 0 1 1 1 0 0 0 3 4 0 4 1
0 0 0 0 0 0 4 0 0 4 4 4 0
0 0 0 0 0 0 0 4 0 4 4 0 0
0 0 0 0 0 0 0 0 4 4 0 4 0


.

(5.1)
The construction starts with two copies of the
6-qubit state whose check matrix is given in
Eq. (5.1). The first two qubits of each state cor-
respond to the logical legs of the building-block
tensor. As illustrated in Fig. 4, we contract the
corresponding logical legs of these two states. To
be more explicit, we begin with a 12-qubit system
containing the two copies. We then apply Algo-
rithm 1 twice to perform the tensor contraction,
once for each pair of logical legs. This process
results in an 8-qubit state. Finally, we interpret
this 8-qubit state as an encoding map for a 7-
qubit code. We designate one of the eight legs
as the logical qubit and the remaining seven as
the physical qubits. The stabilizer group for this
7-qubit code is given by the check matrix:



1 0 1 0 1 0 1 0 0 0 0 0 0 0 0
0 1 1 0 0 1 1 0 3 4 0 0 3 4 2
0 0 0 1 1 1 1 0 0 0 0 0 7 0 1
0 0 0 0 0 0 0 4 0 4 0 4 0 4 0
0 0 0 0 0 0 0 0 4 4 0 0 4 4 0
0 0 0 0 0 0 0 0 0 0 4 4 4 4 0


.

(5.2)
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We can verify the distance of the code by com-
puting its weight enumerator polynomials [33].
For any quantum code over qubits whose projec-
tion onto the code subspace is Π, they are given
by a pair of polynomials

A(z) =
n∑

d=0
Adz

d =
∑

E∈Pn

Tr[EΠ] Tr[EΠ]zwt(E)

(5.3)

B(z) =
n∑

d=0
Bdz

d =
∑

E∈Pn

Tr[EΠEΠ]zwt(E)

(5.4)

where Pn is the Pauli group over n qubits and
wt(E) computes the weight of the Pauli string E.
The two polynomials are related to each other by
the MacWilliams identity and encodes key infor-
mation of a quantum code or state. See [12] and
references therein for details. For Pauli stabilizer
codes, the coefficients Ad, Bd also correspond to
the number stabilizers or normalizers of weight d.

Here we make use of two properties of enumer-
ators which hold for any quantum code. Firstly,
the enumerators are invariant under local uni-
tary transformations Π → UΠU † where U acts
as a tensor product over all the physical qubits.
Therefore, two codes must not be LU equivalent
if they have different enumerator polynomials.
However, the converse is not true — there can
be codes or states with the same enumerator but
are not LU-equivalent. For example, the enumer-
ators of aGHZ4 state are identical to those of two
Bell states. Secondly, Ref. [34] shows that for any
quantum code, its distance is the smallest d for
which Bd −Ad > 0.

The weight enumerators for the resulting code
are

A(z) = 1+21z4 + 42z6 (5.5)
B(z) = 1 + 21z3+21z4 + 126z5 + 42z6 + 45z7,

(5.6)

which are the same as those of the Steane code.
Although its codewords |0̄⟩, |1̄⟩ are not Pauli sta-
bilizer states, this code is related to the Steane
code by a local unitary (LU) transformation such
that USXPU

† = SSteanewhere U = P
7/2
2 Z4P

7/2
6 ,

P
1/2
i is defined as a unitary acting on the ith

qubit

(
1 0
0 ω

)
, and SXP ,SSteane are the stabilizer

groups of the 7-qubit XP code and Steane code
respectively.

The second example is constructed out of 6-
qubit tensors whose state description has a check
matrix

1 0 0 1 1 1 2 0 0 2 6 6 0
0 1 0 1 0 1 0 0 0 2 0 6 0
0 0 1 1 1 0 0 0 3 6 6 4 1
0 0 0 0 0 0 4 0 0 4 4 4 0
0 0 0 0 0 0 0 4 0 4 4 0 0
0 0 0 0 0 0 0 0 4 4 0 4 0


. (5.7)

Applying the same contraction method as in the
previous example yields a 7-qubit code with the
stabilizer generators:

1 0 1 0 1 0 1 0 0 2 0 0 4 6 0
0 1 1 0 0 1 1 0 3 6 0 4 3 2 2
0 0 0 1 1 1 1 0 0 0 2 0 7 2 13
0 0 0 0 0 0 0 4 0 4 0 4 0 4 0
0 0 0 0 0 0 0 0 4 4 0 0 4 4 0
0 0 0 0 0 0 0 0 0 0 4 4 4 4 0


.

(5.8)
In this case, the weight enumerators

A(z) = 1+13z4 + 24z5 + 18z6 + 8z7

(5.9)
B(z) = 1 + 13z3+53z4 + 78z5 + 74z6 + 37z7

(5.10)

are different from those of the Steane code, mean-
ing that they are not LU-equivalent. Also note
that the number of non-trivial logical operators
in this code has fewer representations, meaning
that it is less likely to suffer an undetectable log-
ical error.

In general, XP codes from random contrac-
tions would admit transversal non-Clifford gates.
We can generate a code with a transversal non-
Clifford gate by re-designating a physical qubit
as logical by Prop. 3.1. Here we transform the
second example (Eq. (5.8)) into a [[6, 2, 2]] code
by making the second physical qubit a new logical
qubit. From the check matrix, it can be seen that
the encoding map is indeed an isometry. First, we
move the columns of the second physical qubit to
the front and bring the matrix to its canonical
form. Next, we remove all rows that have non-
trivial support on this qubit. Finally, we delete
the columns corresponding to this qubit. The
resulting check matrix has four rows, and the
code features one non-diagonal logical operator
for each logical qubit. According to Thm. (2.1),
these properties confirm that this is a valid XP
code.
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Under this change, a stabilizer from the original
code that acts on the second qubit becomes a
logical operator for the new code. Consider the
stabilizer given by the second row of the check
matrix in Eq. (V.8):

S = ω2(X2P
3
2 )(X3P

6
3 )P 4

5 (X6P
3
6 )(X7P

2
7 ) (5.11)

This operator S is now interpreted as a logical
operator for the [[6, 2, 2]] code. By Prop. 3.1, its
action is separated into a logical part and a physi-
cal part; it acts as the identity on the first logical
qubit (L1), as (XP 3)t on the new logical qubit
(L2), and as a transversal gate on the remaining
six physical qubits.

The logical component is therefore
IL1 ⊗ (P 3X)L2 = (X3P

6
3 )P 4

5 (X6P
3
6 )(X7P

2
7 ).

This is a non-Clifford logical operation, since for
N = 8 the P 3 gate is a non-Clifford phase gate.
The physical part of the operator is transversal
by construction. Note that the “code shortening”
in Prop 3.1 that converts non-Pauli stabilizer
into transversal non-Clifford logical gates is very
general and applies to other types of unitary
gates regardless of the level of the Clifford
hierarchy.

On the other hand, identifying XP codes that
are (LU-equivalents of) Pauli stabilizer states can
also be useful, especially in the context of magic
state distillation. For general stabilizer codes, we
lack an effective method to identify its transversal
non-Clifford gates, which may exist as a symme-
try of the code, but is not apparent in the PSF.
As QL can identify such codes more effectively, it
can also be applied to tabulate “hidden symme-
tries” of potentially well-known Pauli stabilizer
codes.

In addition to random contraction, an obvi-
ous method to generate other novel XP codes
for which the code properties can be efficiently
computed is to use such small XP codes as seed
codes, and fuse them into a tensor network that
is efficiently contractible. Some obvious choices
are tree tensor networks, which correspond to
code concatenation, or 2D hyperbolic tensor net-
works, which generate non-stabilizer versions of
holographic codes. For instance, by replacing the
seed tensors in [35] with our XP codes above, one
can build up non-Pauli stabilizer versions of holo-
graphic Steane codes (Fig. 5). Although it was
shown by [36] that Pauli stabilizer codes cannot
support non-trivial area operators, XP extensions

Figure 5: A holographic XP code where each hep-
tagon represents the [[7, 1, 3]] XP Lego that is not LU-
equivalent to the Steane code. Red dots mark the logical
legs.

of holographic codes may circumvent the no-go
theorem and produce helpful toy models that con-
tain the necessary ingredients for emergent grav-
itational backreactions.

Using QL, it is easy to read off single-qubit
transversal non-Clifford gates supported on the
larger code through operator matching. Some
examples were discussed in [9] by gluing differ-
ent atomic codes with transversal T gates. Here
we do something slightly different — we gener-
ate even smaller atomic codes that support fault-
tolerant non-Clifford gates by tracing legs on the
same code. Our starting point is the [[15, 1, 3]]
Reed-Muller code, a CSS code that can be equiv-
alently seen as an N = 2 XP code. In other
words, this code space can be exclusively stabi-
lized by Pauli stabilizers and its self-trace is a CSS
code. However, the presence of logical T in this
language is hidden. On the other hand, this code
can also be interpreted as an N = 8 XP code,
allowing us to better discern the presence of the
transversal T gate during operator matching. As
T is matched to T †, one method of self-trace that
guarantees transversal T from operator matching
is to trace two physical legs with an additional
insertion of X operator (Fig. 6) by noting that
XT = γT †X where γ is a global phase. Note that
this self-tracing with X insertion is also sufficient
to preserve transversality of codes that support
bitwise transversal phase gates

P (φ) =
(

1 0
0 eiφ

)

with any φ, where the matching condition
XP (φ)X = eiφP (φ)† is always satisfied. Hence

Accepted in Quantum 2025-09-12, click title to verify. Published under CC-BY 4.0. 14



Figure 6: A [[7, 1, 1]] code is produced from self-tracing
the [[15, 1, 3]] Reed-Muller code (yellow). It is then con-
tracted with a repetition code, or GHZ tensor/X-spider
(blue) to produce a [[8, 1, 2]] code. Note that additional
Xs are inserted to ensure transversal T . Red dot de-
notes the logical input.

such procedures can be applied to codes with
transversal other phase gates in the Clifford hier-
archy6.

Although the space of small triorthogonal
codes is already heavily constrained [37–39],
smaller codes with fault-tolerant T gates are pos-
sible [40] by breaking transversality weakly. In-
deed, these self-traces typically yield codes with
Z-distance dZ = 1 even though dX ≥ 2. For
n = 13, 11, 9, 7, we can easily find codes with ran-
dom self-contractions where the offending weight
one logical Z̄ is unique. Therefore, one can
raise the Z distance by concatenating the sup-
port of weight-1 logical operator with another
code CZ that has dZ > 1. The resulting code
has size at least n+ 1 and a fault-tolerant T gate
T̄ = T⊗n−1 ⊗ K, similar to the n = 10 code
by [40]. The form of K depends on the choice
of CZ , which may be obtained through operator
pushing.

For example, four self-contractions produce a
[[7, 1, dZ = 1/dX = 3]] code with check matrix



1 1 0 0 0 1 1 0 0 0 0 0 0 0 0
0 0 0 1 1 1 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 1 0 1 0 1 2
0 0 0 0 0 0 0 0 1 1 0 1 0 1 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 2
0 0 0 0 0 0 0 0 0 0 0 0 1 1 2


.

(5.12)
Here we have set N = 2 and the last column
records the signs of the stabilizer generators. A
representation of the logical operators are XL =
X3X6X7 and ZL = Z3. The code has weight

6We thank the anonymous referee for pointing this out.

enumerator polynomials:

A(z) = 1 + 3z2 + 23z4 + 37z6 (5.13)
B(z) = 1 + z + 3z2 + 23z3 + 23z4 (5.14)

+ 111z5 + 37z6 + 57z7.

Hence other than the single weight-1 Z̄, the rest
of the logical operators all have weight ≥ 3. Al-
though this code only corrects a bit-flip error, its
tensor is still interesting as it may be used as
an non-isometric code to reduce stabilizer check
weights while preserving the transversality of T
gates [41].

It is also straightforward to make it a error de-
tection code through concatenation. If we choose
CZ to be a 2-qubit repetition code with stabilizer
group ⟨XX⟩, then

K ∝ cos(π/8)I ⊗ I − i sin(π/8)Z ⊗ Z (5.15)
∝ diag(1, eiπ/4, eiπ/4, 1),

where we have dropped the global factors for sim-
plicity. Then we arrive at an 8-qubit code, and
its check matrix is

1 1 0 0 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 1 1 1 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 1 0 1 1 1 2
0 0 0 0 0 0 0 0 0 1 0 1 0 1 1 1 0
0 0 0 0 0 0 0 0 0 0 1 1 0 0 0 0 2
0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 2


(5.16)

with weight enumerators

A(z) = 1 + 4z2 + 18z4 + 16z5 + 28z6 + 48z7 + 13z8

B(z) = 1 + 6z2 + 20z3 + 36z4 + 120z5 + 130z6

+ 116z7 + 83z8

(5.17)
thus yielding an [[8, 1, 2]] code with T̄ = T⊗6⊗K.

The logical T̄ gate is fault-tolerant in the sense
that it propagates detectable errors to detectable
errors, which is the same notion of fault tolerance
studied in [40]. To see that the gate is FT, the
only point of concern is the support on which K
acts as single qubit T gate does not spread errors.
Any Z error will be caught by the inner code
syndrome measurement.

However, one can show that X error can prop-
agate to a logical phase gate times a detectable X
error on the outer code, which is detectable with
a round of syndrome extraction. More explicitly,
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• S

|T ⟩
Figure 7: Implementation of T gate through magic state
injection.

• Z

• Z

H

H

|CS⟩

Figure 8: Implementation of CS gate through magic
state injection.

an initial X error on data qubits j = 7 or j = 8
transforms under the gate K according to the
identity: KXjK

† = 1√
2(Xj ⊗ I)(I ⊗ I + iZ ⊗Z).

The key observation is that the propagated er-
ror contains an Xi Pauli operator. Since this Xj

component anticommutes with any Z-type stabi-
lizer acting on qubit j, the error is guaranteed to
flip the corresponding syndrome bit. Therefore,
any single qubit error remains detectable.

As such, it is conceivable that the 8-qubit code
can be used for magic state distillation where one
always post-selects on the trivial syndrome. Even
though this is similar to the [[10, 1, 2]] protocol
based on code morphing [40], there is no exist-
ing method for distilling the resource state for
implementing the K gate. Below we provide a
schematic for FT synthesis of |K⟩ using |T ⟩ and
|CS⟩ as a resource, but we leave its efficient syn-
thesis to future work. Let

|T ⟩ = T |+⟩ (5.18)
|CS⟩ = CS |++⟩ , (5.19)

allowing for the detection and correction of po-
tential errors in these states. This construction is
analogous to the approach detailed in Ref. [40].
Moreover, these resource states can be distilled
following the procedures outlined in Ref. [42],
which predominantly yield only single-qubit Z er-
rors. The explicit circuit for magic state injection
and the corresponding construction of the K gate
are illustrated in Fig. 7,8, and 9.

T •

T X S X

Figure 9: A circuit construction of the K gate.

Finally, we emphasize that the key difference
from the 10-qubit protocol is that in order to
achieve error suppression on the distillation out-
put, the probability of physical Z error on the
input resource |K⟩ need to be suppressed by the
its weight. That is, weight-1 Z errors occur with
probability O(p) while ZZ error occur with prob-
ability O(p2). Whereas the [[10, 1, 2]] protocol al-
lows the |CCZ⟩ resource to have Z error of any
weight to have O(p) physical error rate while also
achieving overall logical error suppression on the
distilled |T ⟩.

If we assume that requisite |K⟩ state can be
prepared where physical Z of weight 1 occurs in-
dependently with probability O(p), then it can be
used for magic state distillation.

6 Conclusion
Although QL accommodates all quantum codes
in principle, its practical implementation beyond
PSF has not been discussed. In this work, we pro-
vide the first systematic study of QL as applied
to XP stabilizer codes. Using these XP codes
as Lego blocks, we study how their symmetries
transform under fusion or conjoining operations.
For general XP regular codes/states, we provided
a novel condition by which they can be identified.
When using XP codes as Quantum Lego blocks,
we find that XP codes are not closed under trac-
ing (or Bell fusion) unlike their Pauli stabilizer
cousins. However, if the fused tensor is XP, then
operator matching remains sufficient in identify-
ing its full set of XP symmetries. We provide
atomic Legos that generate XP states and extend
the check matrix conjoining algorithm to XPF,
thus providing an efficient method to track the
XP symmetries, similar to their PS counterpart
in the previous work. Because the sequence of
conjoining operations includes the application of
quantum gates and measurements that are dual
to XP states, these operations also provide an
analog of [24] towards a more general classical
simulation of regular XP processes. In addition to
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the progress in formalism on both XP and QL, we
also leverage the recent enumerator technique to
construct optimal decoders, which addresses all
i.i.d. single qubit error channels. Finally, we dis-
cover new instances of XP codes with better rates
and distances from Lego fusion and discuss how
they may be used to produce better toy models
for AdS/CFT. We also identified a class of codes
with fault-tolerant T gates, including an [[8, 1, 2]]
code, which is the smallest such instance to the
best of our knowledge.

As we have commented in the previous sec-
tions, various extensions and applications of the
formalism and algorithms developed here have
potential impact in a number of areas.

New XP codes: Although we made the first
steps in generating XP codes in a more scalable
way, we still lack a systematic search strategy
to create novel XP codes with properties most
relevant to fault tolerance. Future work in this
area may also aim to generate candidates of self-
correcting quantum memories as the code admits
non-Abelian symmetries.

Efficient classical simulations: By improving
and restricting the conjoining operation to act on
certain XP processes that preserve the set of XP
states, it is conceivable that a more complete ex-
tension of [24] can then be used to simulate non-
(Pauli)-stabilizer states as well as certain unitary
actions of higher Clifford hierarchies. Such an ex-
tension would also generalize [26] as the states in
question involve non-abelian symmetries.

Hidden symmetries: Since XPF can be more
effective in identifying transversal non-Clifford
gates and hidden symmetries of Pauli stabilizer
codes, techniques coupled with QL can also be
used to identify codes that may be useful for ef-
ficient magic state distillations or protocols for
code switching.

Fault tolerance: Finally, it remains unclear
whether there are additional benefits by going
beyond PSF. For example, one might hope that
XP stabilizer codes are more advantageous com-
pared to Pauli stabilizer codes in the practical
context of fault-tolerant quantum computation.
This has yet to be demonstrated, but would be a
smoking gun evidence needed to justify a more
extensive study of XP codes and non-(Pauli)-
stabilizer codes at large. With our construction
of explicit decoders, we can explore this angle in
future work.
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A Properties of XP code

A.1 Proof of Proposition 2.1

In this section, we set up the necessary lemmas
and produce the proof for proposition and theo-
rems in Sec. 2.

Definition A.1 (Group projector). Let G be a
finite group of order NG that carries a unitary
representation in a Hilbert space H. Then ΠG ≡

1
NG

∑
gi∈G gi is a projection operator in H. We

call ΠG the group projector. Here the sum is in
the sense of operators in a given Hilbert space.

Definition A.2. Let G be the same finite group
as defined in Def A.1. ΠHG

is defined to be the
projector to the maximal common eigenvalue 1
eigenspace for all gi ∈ G. This maximal com-
mon eigenspace is denoted HG. With abuse of
notation, ΠHG

is called group code projector.

Lemma A.1 (Group projector equals to group
code projector). Let G be a finite group carrying
a unitary representation in a Hilbert space H.
Then ΠG = ΠHG

.

Proof. On the one hand, by definition, ∀ |ψ⟩ ∈
HG, ΠG |ψ⟩ = |ψ⟩, so ΠGΠHG

= ΠHG
ΠG = ΠHG

.
This implies ΠHG

≤ ΠG. On the other hand,
suppose ΠHG

< ΠG, then there must exist at
least one state |θ⟩ /∈ HG, such that Π|θ⟩ ≡ |θ⟩ ⟨θ|
satisfies Π|θ⟩ < ΠG. So Π|θ⟩ΠGΠ|θ⟩ = Π|θ⟩.
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This is |θ⟩ ⟨θ|ΠG |θ⟩ ⟨θ| = |θ⟩ ⟨θ|, which requires
⟨θ|ΠG |θ⟩ = 1. Because gi is a unitary, we have
∀gi ∈ G, ⟨θ| gi |θ⟩ ≤ 1. To satisfy ⟨θ|ΠG |θ⟩ = 1,
it is necessary that ∀gi ∈ G, ⟨θ| gi |θ⟩ = 1. This
implies ∀gi ∈ G, gi |θ⟩ = |θ⟩. This contradicts
with |θ⟩ /∈ HG. So ΠG = ΠHG

.

Lemma A.2 (Projector to the code subspace).
For an XP code specified by its stabilizer S
and code subspace C, the projector to the code
subspace HC , denoted as ΠC is defined to be
the group code projector of its stabilizer group.
ΠC ≡ ΠHS

. Denote the logical identity group of
the code as SLID. Then ΠC = ΠS = ΠSLID

.

Proof. The first equality is by Lemma A.1. To
see the second one, we first note that in general
S ⊆ SLID, so ΠHS

≥ ΠHSLID
. This is because

to find HSLID
one needs to impose (potentially)

more constraints on top of HS . On the other
hand, by the definition of SLID, C ⊆ HSLID

, this
means ΠC ≤ ΠHSLID

. By Lemma A.1, all these
projectors are equivalent.

Proposition 2.1 immediately follows from
Lemma A.2 — we can write code projector in
terms of the stabilizer generators of SX and SZ .
Because ΠC = ΠS by Lemma A.2, one can use
Property 1 in the Appendix B of [7] to write ΠS

explicitly as stated in Proposition 2.1. The de-
gree (the minimal integer m such that Sm

Zj
= I)

of a given SZj might be a proper divisor of N ,
but this does not change the result of the sum.

A.2 Proof of Theorem 2.1

We first review some notations and definitions in-
troduced by [7]. The code subspace of an XP
code is the intersection of the +1 eigenspaces of
diagonal operators and non-diagonal operators.
The diagonal operators determine the Z-support
of the codewords. We define the Z-support of a
state as

ZSupp(|ψ⟩) = {e ∈ Zn
2 : ⟨e|ψ⟩ ̸= 0}. (A.1)

Denote the codewords as |κi⟩. It has been proved
that each codeword can be written as

|κi⟩ = OSX |mi⟩ (A.2)

where OSX =
∑

S∈⟨SX⟩ S and mi ∈ Zn
2 . The set

of orbit representatives {mi} is denoted as Em.

The Z-support of the codeword |κi⟩ has a coset
decomposition

ZSupp(|κi⟩) = mi + ⟨SX⟩ (A.3)
= {(mi + uSX) mod 2 : u ∈ Zr

2}.

Here SX refers to the x-part of SX , a set of binary
strings. The Z-support for the entire codespace
can then be represented as the union of the Z-
supports of all the codewords

E =
⋃
i

ZSupp(|κi⟩) = Em + ⟨SX⟩. (A.4)

Em can be further decomposed into the cosets of
LX , where LX is the x-part of the non-diagonal
logical operators

Em = Eq + ⟨LX⟩ . (A.5)

We refer to Eq as the core of the code, with car-
dinality |Eq|. XP codes can be categorized based
on the size of |Eq|. If |Eq| = 1, then this code
is called an XP-regular code; otherwise, it is non-
regular.

We now present a few novel results on XP
regular states, and by extension regular XP
codes through the Choi-Jamiolkowski isomor-
phism. Recall that the number of stabilizer gen-
erators m is equal to the number of qubits n for
Pauli stabilizer states. We extend this equality
to XP states and establish a connection between
the number of canonical generators and n. This
property helps us identify potential XP states.

An XP-regular code can be mapped to a CSS
code through a unitary transformation given by:

U =
∑

eij∈E

ωpij |eij⟩⟨eij |+
∑

e∈Zn
2 \E

|e⟩⟨e|, (A.6)

where E is the Z-support of the codespace. This
unitary transformation reveals that the difference
between an XP-regular code and its correspond-
ing CSS code lies only in the phase factors in front
of the Z-supports, while they both share the same
Z-support. Consequently, there exists a set of di-
agonal Pauli operators RZ that uniquely stabilize
these Z-supports.

Lemma A.3. For an XP-regular code, the group
projector of its diagonal logical identity (LID)
subgroup ⟨SZ⟩ is equivalent to the group pro-
jector of the diagonal LID subgroup ⟨RZ⟩ of its
corresponding CSS code.
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Proof. The group projector Π⟨SZ⟩ projects onto
the Z-support of the XP code, while Π⟨RZ⟩
projects onto the Z-support of the corresponding
CSS code. Since they share the same Z-support,
the two projectors must be equal:

ΠZ = 1
| ⟨SZ⟩ |

∑
s∈⟨SZ⟩

s = 1
2|RZ |

∑
r∈⟨RZ⟩

r. (A.7)

Based on the previous lemma, we can now es-
tablish the following counting theorem, which es-
tablishes a relationship between the number of
non-diagonal LID generators SX , the number of
non-diagonal logical operator generator LX of an
XP-regular code, and the number of diagonal LID
generators for its corresponding CSS code.

Theorem A.1. An n-qubit XP-regular code C
must have |SX |+|LX |+|RZ | = n or |SX |+|RZ | =
n for an XP regular state.

Proof. Taking trace on the projector onto the
codespace, we get

Tr(ΠC) = dim C = 2|LX | (A.8)

= Tr
(

1
|S|

∑
s∈S

s

)
(A.9)

= Tr

 1
2|SX |

1
| ⟨SZ⟩ |

∑
s∈⟨SZ⟩

s

 (A.10)

= Tr

 1
2|SX |

1
2|RZ |

∑
s∈⟨RZ⟩

s

 (A.11)

= 1
2|SX |

1
2|RZ | 2

n (A.12)

The equal sign in the third row arises from the
fact that for any group element s ∈ S, if it con-
tains a non-diagonal part, then its contribution
becomes zero after tracing. Consequently, we
only need to consider the diagonal subgroup in
the summation. The equal sign in the fourth
row arises from the observation that within the
diagonal Pauli subgroup ⟨RZ⟩, only the iden-
tity element has a non-zero trace. We com-
plete the proof by taking logarithm on both sides
of the equation. A logical operator on a one-
dimensional codespace must either be a stabi-
lizer, or give a phase to the state. Consequently,
for XP states, we have |LX | = 0.

An alternative proof attains the same result
by applying the rank-nullity theorem for E as a

matrix, where its support maps to the generators
of SX while its kernel to the generators of RZ .

The above theorem applies to all XP-regular
codes. However, it is inconvenient to consider
SX , which belongs to the LID, and RZ , which
belongs to the stabilizers of the corresponding
CSS code, together. A more natural approach is
to count both SX and SZ simultaneously, which
is equivalent to counting the number of genera-
tors of LID. In the following, we will prove that
this more convenient counting theorem holds for
N = 2t, which includes the states we are inter-
ested in (those capable of expressing the S gate
and T gate naturally).

Theorem A.2. If N = 2t, then |SZ | = |RZ |.

Proof. Let s = |SZ | and r = |RZ |. First, we
prove that s < r is not possible. Since ⟨RZ⟩ ⊂
⟨SZ⟩, any generator of the Pauli subgroup can be
represented by the product of generators of the
diagonal LID group

RZi =
s∏

j=1
S

mij

Zj (A.13)

where mij ∈ ZN are entries of M ∈ Zr×s
N . The

group multiplication of RZi, RZj can be repre-
sented by the addition of corresponding rows in
M

RZiRZj =
(

s∏
k=1

Smik
Zk

)(
s∏

k=1
S

mjk

Zk

)
(A.14)

=
s∏

k=1
S

mik+mjk

Zk .

Therefore, ⟨RZ⟩ can be represented by
SpanZN

(M), which can be written as
SpanZN

(HowZN
(M)). Since the matrix M

has dimensions r × s, and s < r, it follows
that the Howell form HowZN

(M) has at most
s non-zero rows. This implies that ⟨RZ⟩ can
be generated by only s Pauli generators, which
leads to a contradiction.

Conversely, we can demonstrate that s > r
is also not possible by constructing a Pauli op-
erator in the LID that does not belong to the
Pauli subgroup. To begin, we change the order
of the qubits so that RZ can be transformed into
canonical form, with the first r columns serving
as pivoting columns. This arrangement implies
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that any non-identity element in ⟨RZ⟩ must act
on the first r qubits. Similarly, we transform SZ

into canonical form, resulting in s rows. Conse-
quently, there must exist a row in SZ that con-
sists entirely of zeros on the first r qubits. Let’s
denote the operator corresponding to this row as
g. Since N = 2t, the order of any element g must
be a power of 2, which we denote as x. Now, gx/2

must be a diagonal Pauli operator and hence be-
longs to ⟨RZ⟩. However, this operator gx/2 has
no support on the first r qubits, leading to a con-
tradiction. It implies that gx/2 is an element of
⟨RZ⟩ that acts only on the remaining qubits be-
yond the first r qubits. This is not possible since
all non-identity elements in ⟨RZ⟩ must act on
the first r qubits. As a result, we have shown
that s > r is not a valid scenario, completing the
proof.

Therefore, |SZ | = |RZ |.

A.3 XP states are not dense

Lemma A.4. Denote the set of n-qubit XP
states for a fixed precision N as CXPN

(n). De-
fine

CXP(n) =
⋃

N≥2,N∈N
CXPN

(n).

CXP(n) is not dense in the n qubit Hilbert space
H(n).

Proof. If CXP(n) were dense in H(n), this means
for any state |ψ⟩ ∈ H(n), and any ϵ > 0, there
exists a state |ξ⟩ ∈ CXP(n), such that ∥ |ψ⟩ −
|ξ⟩ ∥ < ϵ.

However, a generic XP state in CXP(n) is of the
form

|ψi⟩ = 1
2|SX |/2

∑
1≤j≤2|SX |

ωpij |eij⟩ , (A.15)

where |SX | is the number of the generator of
the non-diagonal canonical stabilizer generators,
pij ∈ Z2N and ωpij is a phase. eij ∈ Zn

2 represents
a basis of computational bases.(Eq. 35 of [7])

Because of the constrained form of the XP
states, CXP(n) is not dense in H(n). To give a
counterexample, let the state be |ψ⟩ = 1

2 |e1⟩ +
√

3
2 |e2⟩, then one can show that ∀ξ ∈ CXP,
∥ |ψ⟩ − |ξ⟩ ∥2 ≥ 2 − (

√
6 +
√

2)/2. So |ψ⟩ is not
in the ϵ-neighbourhood of any XP states if we
choose ϵ < 2− (

√
6 +
√

2)/2.

B Tracing XP codes
B.1 Characterization of the Post-trace State
Restricting Z-supports— Performing self-tracing
on the first two qubits of an XP state can be un-
derstood as selecting the Z-supports that have 00
or 11 on the first two qubits and retaining their
phase, while discarding those Z-supports with 01
or 10 on the first two qubits. We can classify XP
states into two cases according to this observa-
tion:

1. The state exclusively contains Z-supports
with 00 and 11 on the first two qubits. By
employing Em = m + ⟨SX⟩, it is evident
that the only non-diagonal LID generator
that acts on the first two qubits is SX1 =
XPN (1, 1,x′|z|p).

2. The state contains Z-supports with all
00, 01, 10, 11 on the first two qubits.
Then there are two non-diagonal
LID generators acting on the first
two qubits SX1 = XPN (1, 0,x′|z|p),
SX2 = XPN (0, 1,x′′ |z′|p′).

We favor the first case over the second case
because the number of Z-supports remains un-
changed before and after tracing

|ψ1⟩ → |ψ1t⟩ , (B.1)

where |ψ1⟩ is a state in case 1 and |ψ1t⟩ its post-
trace state. In the second case, Z-supports with
01 and 10 on the first two qubits do not con-
tribute to the traced state, but they introduce
additional constraints on the stabilizers for this
state. Hence, we aim to find a method to trans-
form the second case into the first case.

We can achieve this by manipulating the gen-
erators as follows:

• Remove SX1, SX2 from SX .

• Add SX1SX2 into SX .

• Add XPN (0, 0,0|1, N − 1,0|0) = P1⊗PN−1
2

into SZ .

• Add Z1 ⊗ Z2 into RZ .

By performing these manipulations, we create a
new XP state with restricted Z-support in case 1.
It can be easily verified that Z1⊗Z2 was not a sta-
bilizer in the initial state, as Z-supports with 01

Accepted in Quantum 2025-09-12, click title to verify. Published under CC-BY 4.0. 20



and 10 on the first two qubits were present. The
validity of Theorem 2.1 still holds for this modi-
fied state. According to Theorem A.2, we know
that adding P1 ⊗ PN−1

2 is sufficient to generate
the new diagonal LID group. The restricted state
produces the same post-trace state as the original
state. Therefore, we have the tracing procedure

|ψ2⟩ → |ψ2r⟩ → |ψ2t⟩ (B.2)

where |ψ2⟩ is a state in case 2, |ψ2r⟩ is its re-
stricted state, and |ψ2t⟩ is the post-trace state
of |ψ2r⟩. Since |ψ2⟩ and |ψ2r⟩ generate the same
post-trace state, we can study |ψ2r⟩, which is in
case 1, instead of |ψ2⟩. From this point forward,
we will solely focus on states in case 1 since any
state in case 2 can be transformed into case 1
using this method. This simplifies our analysis.

B.2 Proof of Theorem 3.3.

Proof. Let’s start with the diagonal LID operator
on the post-traced state in the form XPN (0|z|p).
We can extend this operator back to act on the
pre-traced state as follows:

XPN (0|z|p)→ XPN (0, 0,0|a,N−a, z|p), (B.3)

where a ∈ ZN is arbitrarily chosen. We can eas-
ily verify that the extended operator is a logical
identity on the pre-traced state. For any e and f
such that |00e⟩ and |11f⟩ belong to the Z-support
E,

XPN (0, 0,0|a,N − a, z|p) |00e⟩
=XPN (0, 0|1, N − 1|0) |00⟩ ⊗XPN (0|z|p) |e⟩
= |00e⟩
XPN (0, 0,0|a,N − a, z|p) |11f⟩

=XPN (0, 0|1, N − 1|0) |11⟩ ⊗XPN (0|z|p) |f⟩
= |11f⟩ .

(B.4)
Furthermore, note that XPN (0, 0,0|a,N−a, z|p)
is a matched operator. As a result, all diagonal
LID operators on the post-traced state can be
derived from operator matching.

Next, we explore the behavior of non-diagonal
LIDs on Z-supports. The non-diagonal LID
changes the Z-support and introduces an addi-
tional phase. To track the change in Z-support,
we focus on the X-part of the operator. We
consider a specific non-diagonal LID denoted as

XPN (x1, x2,x|z1, z2, z|p). Its action on the Z-
supports can be expressed as follows:

XPN (x1, x2,x|z1, z2, z|p) |e1, e2, e⟩

=ωp+2(z1e1+z2e2)+2zT e |e1 ⊕ x1, e2 ⊕ x2, e⊕ x⟩ .
(B.5)

Here, e1 = e2, x1 = x2, and (e1, e2, e) ∈ E. Now,
if the post-trace state is an XP state, it implies
the existence of a new non-diagonal LID with the
form XPN (x|z′|p′) so that the new Z-support can
be fully generated. The action of this new oper-
ator on codewords is given by:

XPN (x|z′|p′) |e⟩ = ωp′+2z′T e |e⊕ x⟩

=ωp+2(z1e1+z2e2)+2zT e |e⊕ x⟩ .
(B.6)

The invariance of the relative phase between Z-
supports before and after tracing allows us to ex-
tend the operator as follows:

XPN (x|z′|p′)→ XPN (x1, x2,x|a,N − a, z′|p′)
(B.7)

where a ∈ ZN . Consequently, the extended op-
erator has the following action on the old Z-
supports:

XPN (x1, x2,x|a,N − a, z′|p′) |e1, e2, e⟩

= ωp′+2(ae1+(N−a)e2)+2z′T e |e1 ⊕ x1, e2 ⊕ x2, e⊕ x⟩

= ωp+2(z1e1+z2e2)+2zT e |e1 ⊕ x1, e2 ⊕ x2, e⊕ x⟩ .
(B.8)

This result confirms that the extended operator
acts as an old generator on the old Z-supports.
Therefore, we arrive at the theorem based on
these findings.

Tracing XP states constitutes a universal pro-
cess However, it is important to note that XP
states are not dense within the Hilbert space
(Lemman A.4). While tracing some XP states
does yield another XP state, this cannot be al-
ways true in all the cases. Our objective is to
discern the specific conditions under which trac-
ing an XP state produces another XP state. The
operator matching rule, as well as the counting
theorem, tells us that the number of matched gen-
erators must decrease by 2.

Lemma B.1. The projector onto an XP state is
equal to the average of the elements in the LID
of this state.

Proof. The group projector is equal to the code
projector.
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Remark B.1. The preceding lemma might ap-
pear self-evident. However, it’s important to
stress a crucial insight that follows. Let’s con-
sider the scenario where we trace an XP state to
yield another XP state. In this context, it’s pos-
sible to derive the projector onto the post-trace
state, denoted as Π′, from the projector onto the
pre-traced state, denoted as Π. Mathematically,
this relationship is expressed as follows:

Π′ = Tr12(Π) =
∑

h match
chh+

∑
h′ unmatch

ch′h′,

(B.9)
Since Π is a group projector of the logical identity
group, it can be written as the sum of its group
elements. All its group elements can be classi-
fied into two categories: those that satisfy the
operator matching rule on the first two qubits,
and those not. For those who satisfy the op-
erator matching rule, denote their substring as
h, and tracing produces a coefficient of exactly
ch = 1. Those who don’t satisfy the operator-
matching rule, denote their substring as h′, and
they have coefficients ch′ as complex numbers in
general. This contrasts with PSF, where ch′ are
bound to be zero. It’s worth noting that in gen-
eral we cannot eliminate the second term from
the unmatched operators which do not vanish.
Nonetheless, the lemma provides a key insight:
for XP states, the second summand must van-
ish such that the unmatched operators appear to
mutually interfere and cancel with each other.

When the second term does not vanish, how-
ever, tracing will produce non-XP states. For ex-
ample, consider the check matrix for the 6-qubit
state

1 0 0 1 1 1 2 0 0 2 6 6 0
0 1 0 1 0 1 0 0 0 2 0 6 0
0 0 1 1 1 0 0 0 3 6 6 4 1
0 0 0 0 0 0 4 0 0 4 4 4 0
0 0 0 0 0 0 0 4 0 4 4 0 0
0 0 0 0 0 0 0 0 4 4 0 4 0


.

(B.10)
which we used to generate the [[7, 1, 3]] code. The
state it stabilizes is

|000000⟩+ |100111⟩+ |010101⟩+ |110010⟩
(B.11)

+ω |001110⟩+ ω |101001⟩+ ω5 |011011⟩
+ ω13 |111100⟩ .

After tracing the first two qubits, the remaining
state is

|0000⟩+ |0010⟩+ (ω + ω13) |1110⟩ . (B.12)

It is obvious that this is not an XP state, because
the coefficients have different norms. By operator
matching, the resulting check matrix is 1 1 1 0 3 6 6 0 1

0 0 0 0 4 4 0 0 0
0 0 0 0 0 0 0 4 0

 . (B.13)

Only three generators remain for the LID group
in the canonical form, which is fewer than the
number of qubits. This indicates that the post-
trace state is not an XP state.

C Decoder
First, we prove some properties within the Z-
supports of the codespace. Let SLID be the logi-
cal identity (LID) group. We define the projector
ΠZ = ΠSZ = ΠRZ to be the projector onto the
Z-support.

Lemma C.1. ∀r ∈ ⟨RZ⟩ ,∀g ∈ SLID, [r, g] = 0.

Proof. The commutator can be simplified as fol-
lows: rgr−1g−1 = DN (2xrzg−2xgzr + 4xrxgzr−
4xrxgzg). Considering that xr equals zero and
each entry in zr is N/2, the anti-symmetric por-
tion can only be ±I. Furthermore, since SLID
forms a valid stabilizer group, it is essential to ex-
clude −I. Hence, the commutator is constrained
to solely yield I, indicating that the elements r
and g indeed commute.

Corollary C.1. [ΠZ , g] = 0, ∀g ∈ SLID.

Proof. ΠZ = 1
2|RZ |

∑
r∈⟨RZ⟩ r, and each r com-

mutes with g.

Lemma C.2. ∀s ∈ ⟨SZ⟩, ΠZs = sΠZ = ΠZ .

Proof. ΠZ is the group projector of ⟨SZ⟩. s per-
mutes the elements in ⟨SZ⟩, hence the group pro-
jector remains invariant.

Lemma C.3. ∀g ∈ SLID, ΠZg is Hermitian.

Proof.

(ΠZg)† =g†ΠZ = g−1ΠZ (C.1)
=gg−1g−1ΠZ = gsΠZ = gΠZ = ΠZg

(C.2)

for some s ∈ ⟨SZ⟩.
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Lemma C.4. ∀g ∈ SLID, (ΠZg)2 = ΠZ .

Proof.

(ΠZg)2 =ΠZgΠZg = ΠZgg (C.3)
=ΠZs = ΠZ (C.4)

for some s ∈ ⟨SZ⟩.

Corollary C.2. ∀g ∈ SLID, the eigenvalue of
ΠZg can only be ±1, 0.

Lemma C.5. ∀g, h ∈ SLID, ΠZg,ΠZh commute.

Proof.

ΠZgΠZh =ΠZgh = ΠZgh(g−1h−1hg) (C.5)
=ΠZ(ghg−1h−1)hg = ΠZshg (C.6)
=ΠZhg = ΠZhΠZg (C.7)

for some s ∈ ⟨SZ⟩.

The same arguments also apply to Πsz =
Esz ΠZE

†
sz

and SX′ = Esz SXE
†
sz

, since they are
conjugated under the same error operator Esz .

It is helpful to recall the fact that the conjuga-
tion of XP operators, denoted as A1A2A

−1
1 =

A2DN (2x1z2 + 2x2z1−4x1x2z1), remains an XP
operator [7]. This implies that under some XP
error Es, the error subspace is the code subspace
defined by yet another XP code with conjugated
generators ⟨EsSXE

†
s , EsSZE

†
s⟩.

As described in Sec. 5, the decoding process
comes in two steps. For the first step, we iden-
tify and measure RZ . This obtains syndromes
sz, which allows us to identify any error Esz that
gives the same syndrome. Because RZ defines a
Pauli stabilizer code, the above process is well-
understood. For the second step of syndrome
extraction, we either perform E†

sz
to restore the

code back to the code subspace or measure a set
of modified checks S′

X = Esz SXE
†
sz
.

Note that both SX and S′
X are manifestly non-

Hermitian operators; however, the above lemmas
show that they behave like Hermitian operators
with eigenvalues ±1 in the subspaces supported
on ΠZ and Πsz respectively. Therefore, one can
use the usual syndrome extraction circuit to mea-
sure these non-diagonal checks. The measure-
ment circuit for check g = g1 ⊗ g2 ⊗ · · · ⊗ gn

is

(H ⊗ I)
( 1√

2
|0⟩ ⟨0| ⊗ I + 1√

2
|1⟩ ⟨1| ⊗ g

)
(H ⊗ I) |0⟩ ⊗ |ψ⟩ = 1√

2
|+⟩ ⊗ |ψ⟩+ 1√

2
|−⟩ ⊗ g |ψ⟩ (C.8)

|0⟩ H • H

|ψ⟩ g

Figure 10: Syndrome measurement circuit. |ψ⟩ is the
state to be measured, and |0⟩ is an ancilla qubit. The
measurement is performed in Z-basis.

where |0⟩ is an ancilla qubit and |ψ⟩ is the state
to be measured, as shown in Fig. 10. Since we
have already made the first round of measure-
ment, then we know the Z-supports, so |ψ⟩ =
ΠZ |ψ⟩. Since gΠZ is Hermitian, we can decom-
pose |ψ⟩ according to the eigenvalue of gΠZ , say
|ψ⟩ = c+ |ψ+⟩ + c− |ψ−⟩. Then, the state after
applying the circuit but before the measurement
is

c+ |0⟩ |ψ+⟩+ c− |1⟩ |ψ−⟩ (C.9)

Therefore, measuring the first qubit in the Z-basis

and getting +1 projects the physical qubits onto
|ψ+⟩, and getting −1 projects onto |ψ−⟩. This
measurement procedure is valid because gΠZ is
Hermitian, so its eigenvectors form a complete
basis, and also (gΠZ)2 = ΠZ so that the eigen-
values of gΠZ can only be ±1 and 0.

Let the syndromes we extract from the non-
diagonal checks be sx. To use the enumerator
decoder, we now need to identify errors Esx such
that they have the same syndrome but consist
only of diagonal operators so it commutes with
ΠZ . We ask whether it is always possible. Let
p denote the power of Pauli Zs in Esx and the
x half of the ith non-diagonal generator in the
check matrix be xi. We then need

xi · p = σi, where σi ∈ {0, 1}.

This is a system of |SX | equations with n un-
knowns. In the canonical form, we stack xi to
form a |SX | × n matrix, which has full row rank
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r ≤ n by definition. Therefore the system of
equations should always admit a solution for any
syndrome combination.

The most likely logical error L̄ is then deter-
mined from the enumerator method by comput-
ing the logical error probabilities. For a straight-
forward application of the tensor network method
introduced by [12], we here only consider L̄ that
can be represented as a tensor product of sin-
gle qubit operators in the physical Hilbert space.
In Pauli stabilizer codes, all logical Pauli oper-
ators are transversal because Clifford unitaries
map Pauli’s to Pauli’s. As logical Pauli opera-
tors form a nice unitary basis, it is sufficient to
choose {L̄} in the Pauli basis. However, one needs
to take extra care in the XP formalism because
transversal logical gates supported by the code
may not form a unitary basis in XP codes in gen-
eral. For XP regular codes, one can obtain them
from XP regular states. For N = 2t, we have
shown that the rank-generator relation continues
to hold. This allows us to identify transversal
logical XP operators that form a unitary basis of
logical operators.
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