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We study relaxations of entanglement-assisted quantum channel coding and
establish that non-signaling assistance and a natural semi-definite program-
ming relaxation — termed meta-converse— are equivalent in terms of success
probabilities. We then present a rounding procedure that transforms any non-
signaling-assisted strategy into an entanglement-assisted one and prove an ap-
proximation ratio of (1 − e−1) in success probabilities for the special case of
measurement channels. For fully quantum channels, we give a weaker (dimen-
sion dependent) approximation ratio, that is nevertheless still tight to char-
acterize the strong converse exponent of entanglement-assisted channel coding
[Li and Yao, IEEE Tran. Inf. Theory (2024)]. Our derivations leverage ideas
from position-based coding, quantum decoupling theorems, the matrix Chernoff
inequality, and input flattening techniques.

1 Introduction
1.1 Motivation
Channel coding lies at the heart of quantum information theory, focusing on the reliable
transmission of information over noisy quantum channels. The classical understanding of
this field is shaped by asymptotic capacity theorems for classical [46], classical-quantum [29,
45] and quantum channels [34, 48, 16, 6, 5], which describe the maximum achievable
communication rates over many channel uses under different types of assistance (such as,
e.g., entanglement or feedback). More recent work has refined some of this understanding
by going beyond first order asymptotic limits and exploring, e.g., the small deviation regime
(for classical [50, 24, 41] and quantum channels [52, 15]), or the large deviation regime with
error exponents (for classical [18, 47, 23] and quantum channels [14, 4, 32, 44, 39]) as well
as strong converse exponents (for classical [2, 13] and quantum channels [59, 38, 22, 33]).
These refinements highlight the trade-offs between rate, reliability, and resources that arise
in practical communication scenarios. An even more recent development in channel coding
is the exploration of the true one-shot setting in a tight manner (see, e.g., [41, 10, 54, 36,
31, 3, 21, 55, 7] and references therein). This departs from the traditional assumption of
infinite channel uses [51]. Instead, it focuses on the performance limits when only a single
or finite number of uses are available. This approach opens the door to studying quantum
communication in even more realistic, constrained scenarios, providing new insights into
achievable rates and error behaviors.
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In our work, we explore quantum channel coding in the one-shot framework from an
algorithmic perspective and aim to provide a broader understanding of quantum channel
coding, both in the asymptotic and non-asymptotic regimes. In classical channel coding,
this idea was first introduced by [3], which provided a simple and efficient approximation
algorithm that returns a code achieving a (1− 1

e ) approximation of the maximum success
probability attainable for a given classical channel. Notably, the approximation algorithm
corresponds to coding over the same channel with more powerful assistance called non-
signaling correlations. Moreover, in the classical setting non-signaling strategies are shown
by [35] to correspond to a natural linear programming relaxation — the so-called meta-
converse.1 In the same spirit, using non-signaling correlations to design approximation
algorithms of the success probability has been applied to coding over classical-quantum
channels [21], multiple-access channels [20], and broadcast channels [19].

Although not discussed in [3], it is straightforward to see that the multiplicative con-
stant approximation (1− 1

e ) is already sufficient to deduce that the plain (unassisted) strong
converse exponent of a channel — i.e., the rate at which the success probability approaches
0 when the transmission rate is strictly above the channel capacity— is the same as when
non-signaling correlations are allowed. This allows for a connection between the strong
converse exponent and the exponent of composite hypothesis testing, a problem widely
studied and understood in the literature (see, e.g., [27]). This method can be seen as an
alternative way of reproving the strong converse exponent, a result already established by
[2, 13] (see also [42]). The advantage of this proof strategy is to discern between unassisted
(or shared-randomness) and non-signaling assisted strategies. As we discuss later, we apply
this method in the quantum setting as well.

In [21], the authors generalized the approximation results of [3] to the classical-quantum
setting. In that work, two approximations of the success probabilities are proven: one
is multiplicative, depending logarithmically on the size of the channel, and the other is
additive, which is only non-trivial when the sizes of the codes differ. It turns out that the
multiplicative approximation, while not as tight as the classical (1− 1

e ) one proven in [3], is
still sufficient to show that unassisted and non-signaling assisted strategies have the same
strong converse exponent. This reduces the problem of finding the strong converse exponent
to the case where non-signaling correlations are allowed. Perhaps surprisingly, coding with
non-signaling correlations does not exactly correspond to the semi-definite programming
meta-converse bound (or composite hypothesis testing) for classical-quantum channels [36,
55], unlike in the classical setting [35]. Nevertheless, it can be shown that they have the
same strong converse exponents even for quantum channels.

Motivated by these approximation results and their powerful implications for large
deviation refinements, we pose the same questions in the quantum setting:

Are similar one-shot approximation algorithms possible for quantum channel coding?
If so, are they sufficient to establish large deviation refinements for quantum channels?

In this work, we consider the problem of channel coding over quantum-classical and quan-
tum channels with entanglement assistance in the one-shot setting. From an algorithmic
perspective, as discussed in [3, 21, 20, 19, 8], our aim is to design efficient approximation al-
gorithms that, given a complete description of the noisy channel, return near-optimal codes
that maximize the success probability for a fixed number of messages to be transmitted.

1The meta-converse is a versatile linear programming bound that implies many converse results for
channel coding [41]. The derivation and the formulation of the meta-converse use the hypothesis testing
framework: the channel at hand is tested against an arbitrary constant channel.

Accepted in Quantum 2025-10-01, click title to verify. Published under CC-BY 4.0. 2



1.2 Overview of findings
Following the works of [41, 35, 36, 3, 21], we consider a natural SDP relaxation for channel
coding over quantum channels known as the meta-converse. This relaxation is closely
related to coding with non-signaling assistance [55]. We then investigate the relation
between the meta-converse, non-signaling and entanglement assistance in the one-shot
setting with a focus on the success probability. Moreover, we apply our one-shot findings
along with known results for the hypothesis testing problem to deduce optimal strong
converse exponents.

Non-signaling assistance and meta-converse. The meta-converse (MC) reflects some
constraints that any coding scheme should satisfy. The meta-converse success probabil-
ity is closely related to that of coding when the sender and receiver share non-signaling
(NS) correlations. For coding over a quantum channel N with a fixed number of messages
M , the non-signaling success probability, denoted SuccNS(N , M), is the solution to the
following SDP program [36, 55]:

SuccNS(N , M)= sup
ρR,ΛRB

1
M

Tr [ΛRB · (JN )RB]

subject to ρR ∈ S(R),
ΛB = IB,

0 ≼ ΛRB ≼ MρR ⊗ IB.

(1)

The MC success probability, denoted SuccMC(N , M), is the solution to a similar pro-
gram to (1), except that it has the constraint ΛB ≼ IB instead of ΛB = IB. Classically,
both programs are equal [35] and thus non-signaling correlations provide an operational
interpretation of the meta-converse introduced by [41]. However, in the quantum setting
(even for classical-quantum channels), these programs are in general not equal. Our first
result is a rounding inequality between the MC and NS success probabilities.

Proposition 1. Let N be a quantum channel and M ≥ 1. We have that

SuccMC(N , M) ≥ SuccNS(N , M) ≥
(

1− 1
M

)
· SuccMC(N , M). (2)

This proposition shows that, as the number of messages increases, the optimal success
probabilities for MC and NS strategies become increasingly similar. Since the approxima-
tion is multiplicative in terms of success probabilities, this rounding has a direct application
on the strong converse exponents. In words, the strong converse exponent is the rate at
which the success probability approaches 0 when the transmission rate is strictly above the
channel capacity. From Proposition 1, we deduce that characterizing the strong converse
exponent of non-signaling strategies reduces to analyzing the meta-converse. Moreover, the
meta-converse admits inherently a formulation in terms of the hypothesis testing problem.
The strong converse exponent of the (composite) hypothesis testing problem can be derived
from known results in the literature. More precisely, we can show using Proposition 1 and
the results of [22, 27]:

Corollary 2. Let N be a quantum channel and r ≥ 0. We have that

lim
n→∞

− 1
n

log SuccNS(N⊗n, enr) = lim
n→∞

− 1
n

log SuccMC(N⊗n, enr) (3)

= sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
, (4)
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where Ĩα(N ) denotes the sandwiched mutual information of the channel N and order α,
formally defined in (28).

In the following we show that the natural NS relaxation (1) provides an approximation
of the entanglement-assisted success probability. We observe that because of Proposition
1, similar results can be phrased in terms of MC instead of NS.

Quantum-classical setting. We begin our approximation results by the quantum-
classical setting as the classical and classical-quantum settings were studied by [3] and
[21] respectively. Moreover, the entanglement-assisted capacity of quantum-classical chan-
nels differs from that of the shared randomness and unassisted case [6, 5, 28]. For this
reason, we compare non-signaling assistance directly with entanglement assistance. It
turns out that in this setting, we are able to obtain nice approximation results that gen-
eralize exactly the optimal classical approximation results of [3] and relate the EA success
probability, denoted SuccEA, with its NS counterpart. Namely we obtain:

Proposition 3. Let N be a quantum-classical channel and M, M ′ ≥ 1. We have that

SuccEA(N , M ′) ≥ M

M ′

(
1−

(
1− 1

M

)M ′)
SuccNS(N , M). (5)

In particular, when M ′ = M , we obtain

SuccEA(N , M) ≥
(

1− 1
e

)
SuccNS(N , M). (6)

The proof of this proposition utilizes the position-based coding of [1] along with a
sequential decoder similar to [57]. The main advantage of the quantum-classical setting
is that the output system is classical, allowing the sequential decoder operators to be
significantly simplified, which enables a tight evaluation of the approximation error.

Specifically, the NS program of the success probability (1) provides a quantum state
ρR and an observable ORB = 1

M ρ
−1/2
R ΛRBρ

−1/2
R such that

Tr [ORB · σRB] = SuccNS(N , M) and Tr [ORB · σR ⊗ σB] = 1
M

, (7)

where σRB = ρ
1/2
R (JN )RBρ

1/2
R = NA→B(ϕRA) and ϕRA is a purification of ρR. We take

inspiration from the position-based coding of [1] and encode the message using its corre-
sponding position within a shared entangled state. The equalities in Eq. (7) will be used to
decode the message. More precisely, M ′ copies of ϕRA are shared between Alice (holding
A1 . . . AM ′ systems) and Bob (holding R1 · · ·RM ′ systems). To send the message m ∈ [M ′],
Alice applies the channel NAm→B to the mth copy of her part of the shared entanglement.
To decode the message, Bob performs some measurements on systems R1 · · ·RM ′B. By
Eq. (7), measuring the systems RmB with the observable ORmB successfully detects it
(outcome ‘0’) with a success probability SuccNS(N , M), while measuring the systems RlB
with the observable ORlB for l ̸= m falsely detects (outcome ‘0’) the message with proba-
bility 1

M . A natural strategy is to measure systems RlB for l = 1, . . . , M ′ sequentially and
return the first detection (outcome ‘0’). To analyze this scheme, we use crucially the fact
that the operators {ORlB}M

′
l=1 do commute when B is a classical system. In general (B can

be quantum), the operators {ORlB}M
′

l=1 do not commute, and we are unable to prove an
approximation with a multiplicative error using the sequential decoder.
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A direct application of Proposition 3 is that EA and NS strategies achieve the same
strong converse exponent for quantum-classical channels. This along with the characteri-
zation of the strong converse exponent of NS in Corollary 2 gives the EA strong converse
exponent in the quantum-classical setting.

Corollary 4. Let N be a quantum-classical channel and r ≥ 0. We have that

lim
n→∞

− 1
n

log SuccEA(N⊗n, enr) = lim
n→∞

− 1
n

log SuccNS(N⊗n, enr) (8)

= sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (9)

We will further generalize this result to the quantum setting in Corollary 7. However,
we are unable to achieve the same approximation ratios from Proposition 3 in the fully
quantum setting. The main challenge is that the analysis of the sequential decoder becomes
cumbersome when the channel output system is quantum and the sequential measurement
operators do not commute.

Quantum setting - Additive error. In the fully quantum setting, we can still use
the position-based coding from [1]. However, the sequential decoder is no longer easy to
analyze. To address the issue of non-commutativity of the operators, we can apply the well-
known decoder and inequality of Hayashi-Nagaoka [26], which lead to an approximation
with an additive error. Note that this decoder and inequality were used by [21] to prove
a similar approximation result in the classical-quantum setting, where a non-signaling
strategy is rounded to a shared-randomness one.

Proposition 5. Let N be quantum channel and M, M ′ ≥ 1. We have the following
inequality between the entanglement-assisted and non-signaling success probabilities

SuccEA(N , M ′) ≥ SuccNS(N , M)− 5
√

M ′

M
. (10)

This proposition shows that NS correlations do not help to increase the EA capacity
of a quantum channel [31]. Moreover, the additive error in (10) implies that EA and NS
have the same second-order asymptotics in the small deviation regime (which remains not
fully characterized in the quantum setting [15], even for NS strategies). However, this
approximation error is insufficient to conclude that EA and NS have the same error or
strong converse exponents.

Even in the classical-quantum setting, it is unclear whether EA and NS should have
the same error exponent. This is because NS (specifically, with activation) corresponds
to the sphere-packing bound [14, 11, 39], while achievability results (such as those for
rounded strategies) so far seem to only imply the random coding bound at best [4, 32, 44],
which is only known to be optimal above a critical rate [32, 44]. Therefore, we focus on
investigating whether EA and NS share the same strong converse exponent. As we have
seen in the quantum-classical setting, a simple approach to compare EA and NS strong
converse exponents is by designing an EA approximation algorithm to the NS success
probability that achieves a (small) multiplicative error.

Quantum setting - Multiplicative error. Recall that the NS program of the success
probability (1) provides a quantum state ρR and an observable ORB = 1

M ρ
−1/2
R ΛRBρ

−1/2
R

such that
Tr [ORB · NA→B(ϕRA)] = SuccNS(N , M) (11)
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where ϕRA is a purification of ρR. In the quantum-classical setting, we can use the position-
based coding [1] and the sequential decoder [57]. However in the quantum setting, the
operators {ORlB}Ml=1 do not commute and the sequential decoder is hard to analyze. To
circumvent this difficulty, we draw inspiration from [21] and attempt to use the following
measurement device: {

Ξl = 1
Z

ORlB

}M

l=1
where Z =

∥∥∥∥∥
M∑
l=1

ORlB

∥∥∥∥∥
∞

. (12)

The normalization Z ensures that
∑M

l=1 Ξl ≼ I— a condition necessary for valid measure-
ments. Moreover, this normalization factor will contribute to the approximation error as
follows

SuccEA(N , M) ≥ 1
Z

SuccNS(N , M). (13)

The authors of [21] employ the matrix Chernoff inequality [53] to control a similar
normalization factor. In the quantum setting, however, applying the matrix Chernoff
inequality is insufficient to control Z with high probability. The reason is that it is unclear
how to utilize the constraint

TrR [ρR ·ORB] = 1
M

TrR [ΛRB] = 1
M

IB; (14)

as it does not appear in this form in the standard matrix Chernoff inequality. To overcome
this obstacle, we consider a simplified setting where ρR = 1

|R|IR is the maximally mixed
state. Under this assumption, the constraint TrR [ρR ·ORB] = 1

M IB simplifies to

TrR [ORB] = |R|
M

IB. (15)

Furthermore, it can be expressed as

EUR∼L(R)
[
URORBU †

R

]
= 1
|R|

IR ⊗ TrR [ORB] = 1
M

IRB, (16)

where L(R) is any unitary 1-design probability distribution on U(R). Consequently, the
constraint TrR [ρR ·ORB] = 1

M IB implies∥∥∥EUR∼L(R)
[
URORBU †

R

]∥∥∥
∞

= 1
M

, (17)

which is one of the key factors of the matrix Chernoff inequality. Conjugating the observ-
able ORB by the unitary UR leads to the same success probability if the state NA→B(ϕRA)
is appropriately conjugated (see Eq. (11)). Since ϕRA is the maximally entangled state (re-
call that we assume ρR is the maximally mixed state and ϕRA is a purification of it), we can
conjugate NA→B(ϕRA) with the unitary UR by conjugating ϕRA with U⊤

A (a property of the
maximally entangled state) which can be performed by Alice before applying the channel.
Note that as opposed to the position-based coding, we only need one shared copy of the
maximally entangled state. This is crucial for bounding the dimension of the measurement
operators as this latter appears in the error probability of the matrix Chernoff inequality.
Applying a random coding with a unitary 1-design formed with Pauli operators was
used previously for the problem of entanglement-assisted channel coding (see e.g., [30, 32]).
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In order to handle the case of an arbitrary state ρR we utilize the input flattening
technique from [32]. The idea is to decompose the input state as

ρR =
v⊕

j=1
pj ·

1
|Hj |

IHj , (18)

where v is the number of distinct eigenvalues of ρR, {pj}vj=1 is a probability distribution,
and {Hj}vj=1 are orthogonal subspaces of R. With this in hand, we can sample from the
probability distribution j ∼ {pj}vj=1 and consider the problem as if we have ρR = 1

|Hj |IHj ,
a maximally mixed state. Our approximation strategy builds on these ideas and chooses
the shared entanglement based on shared-randomness samples from {pj}vj=1. Random
unitaries sampled from a unitary 1-design are applied depending on the corresponding
subspaces. Finally, a measurement device is formed depending on the shared-randomness
and random unitaries. This EA strategy is described in more details in Section 4.2 and
achieves the following performance.

Proposition 6. Let NA→B be a quantum channel. Let ρR ∈ S(R) be an optimal quantum
state maximizing the NS program (1). Let v be the number of distinct eigenvalues of ρR.
Assume that log |A| ≥ e2. We have

SuccEA(N , M) ≥ 1
2v log (2vevM(dim A)v dim B) · SuccNS(N , M). (19)

In the finite block-length regime, we then find

SuccEA(N⊗n, enr) ≥ 1
poly(n) · SuccNS(N⊗n, enr), (20)

which also explains why this multiplicative error is not harmful is terms of strong converse
exponent. To obtain the previous inequality, we use symmetry arguments and show that
a near-optimal quantum state maximizing the NS program (1) is the de Finetti state [12]
for which we have vn = poly(n) [27]. This allows us to deduce the EA strong converse
exponent from the NS one (Corollary 2).

Corollary 7. Let N be a quantum channel and r ≥ 0. We have that

lim
n→∞

− 1
n

log SuccEA(N⊗n, enr) = lim
n→∞

− 1
n

log SuccNS(N⊗n, enr) (21)

= sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (22)

This tight characterization of the strong converse exponent in the quantum setting was
first established by [33]. Moreover, [33] was the first to introduce the flattening technique
for this problem. While our proof also employs this technique, its structure is significantly
different from that of [33]. In particular, our proof relies on the relationship between EA,
NS, and MC success probabilities, providing deeper insights into the connection between
composite hypothesis testing and entanglement-assisted coding.

1.3 Notation
The set of integers between 1 and n is denoted by [n]. Finite dimensional Hilbert spaces
are denoted by A, B, . . . and their corresponding dimensions are written as |A|, |B|, . . . .
The set of unitary operators on the space A is denoted by U(A). A positive semi-definite
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operator is denoted by ρ ≽ 0. Moreover, ρ ≽ σ stands for ρ − σ ≽ 0. For a Hermitian
operator ρ with spectral decomposition ρ = ∑

i λiΠi, we denote by ρ+ = ∑
i max{λi, 0}Πi

its positive part, and ρ−1 = ∑
i:λi ̸=0 λ−1

i Πi its Moore-Penrose generalized inverse.
Quantum states are positive semi-definite operators with trace 1. The set of quantum

states on a Hilbert space A is denoted by S(A). Let {|i⟩}|A|
i=1 be the canonical orthonormal

basis of A. The maximally mixed state over A is 1A = 1
|A|IA. The maximally entangled

state over A is

|Ψ⟩RA = 1√
|A|
|w⟩RA = 1√

|A|

|A|∑
i=1
|i⟩R ⊗ |i⟩A , (23)

where R ≃ A.
A quantum channel NA→B is a completely-positive, trace-preserving map from S(A)

to S(B). The Choi matrix of NA→B is

(JN )RB = NA→B(|w⟩⟨w|RA) =
|A|∑

i,j=1
|i⟩ ⟨j|R ⊗N (|i⟩ ⟨j|)B. (24)

A quantum-classical or measurement channel NA→X is a quantum channel where the out-
put system X is classical.
A measurement device is a POVM (positive operator-valued measure), consisting of a set
of positive semi-definite operators that sum to the identity operator I. Measuring a quan-
tum state ρ with a POVM M = {Mx}x∈X returns the outcome x ∈ X with probability
Tr [ρMx].

The sandwiched Rényi divergence [37, 58] between ρ ≽ 0 and σ ≽ 0 of order α > 1 is
defined as follows

D̃α (ρ∥σ) = 1
α− 1 log Tr

[(
σ

1−α
2α ρσ

1−α
2α

)α]
(25)

if ρ ≪ σ (i.e., the support of ρ is included in the support of σ). Otherwise, we set
D̃α (ρ∥σ) = +∞. It extends continuously for α = 1 to the Umegaki relative entropy, given
by

D (ρ∥σ) = Tr [ρ(log ρ− log σ)] . (26)
The quantum hypothesis testing relative entropy is defined as

Dε
H(ρ∥σ) = − log min

{
Tr [σO]

∣∣∣ 0 ≼ O ≼ I, Tr [ρO] ≥ 1− ε
}

. (27)

For a quantum channel NA→B, the channel’s sandwiched Rényi mutual information of
order α ≥ 1 is defined as [22]

Ĩα(NA→B) = sup
ρR∈S(R)

inf
σB∈S(B)

D̃α

(
ρ

1/2
R (JN )RBρ

1/2
R

∥∥∥ρR ⊗ σB

)
. (28)

Let σ be a Hermitian operator with spectral projections Π1, . . . , Πv, where v is the
number of distinct eigenvalues of σ. The pinching channel associated with σ is defined as:

Pσ(·) =
v∑

i=1
Πi(·)Πi. (29)

The pinching inequality [25, 51] states that for any positive semi-definite operator ρ,

ρ ≼ v · Pσ(ρ). (30)
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2 Quantum channel coding
In this section, we define the task of quantum channel coding using entanglement-assisted
or non-signaling strategies. Then we study the relation between non-signaling assistance
and the meta-converse.

2.1 Entanglement-assisted channel coding
We follow [56] and define an (n, M) entanglement-assisted code as follows. Alice and Bob
share a pure quantum state |Ψ⟩EAEB

where Alice holds EA and Bob holds EB. Let [M ]
be the set of messages to be transmitted. To send a message m ∈ [M ], Alice applies an
encoding channel Em

EA→A′n to her part of the shared entangled state |Ψ⟩⟨Ψ|EAEB
depending

on the message m. Then the global state is

Em
EA→A′n (|Ψ⟩⟨Ψ|EAEB

) . (31)

Alice transmits A′n over n iid copies of the channel NA′→B, leading to the state

N⊗n
A′n→Bn

(
Em

EA→A′n (|Ψ⟩⟨Ψ|EAEB
)
)

. (32)

Upon receiving systems Bn, Bob performs a POVM {Ξm
BnEB

}Mm=1 on the channel output
Bn and his part of the shared entanglement EB in order to decode the message m that
Alice sent. Bob returns the outcome of this measurement. Let

C =
(
|Ψ⟩EAEB

, {Em
EA→A′n}Mm=1, {Ξm

BnEB
}Mm=1

)
. (33)

The probability of Bob correctly decoding Alice’s message m is

SuccC(N⊗n, M, m) = Tr
[
Ξm

BnEB
N⊗n

A′n→Bn

(
Em

EA→A′n (|Ψ⟩⟨Ψ|EAEB
)
)]

. (34)

The average success probability for the coding scheme C is

SuccC(N⊗n, M) = 1
M

M∑
m=1

Tr
[
Ξm

BnEB
N⊗n

A′n→Bn

(
Em

EA→A′n(ΨEAEB
)
)]

. (35)

The rate r of communication is
r = 1

n
log M, (36)

and the code C has ε error if SuccC(N⊗n, M) ≥ 1 − ε. A rate r of entanglement-assisted
classical communication is achievable if there is an (n, en(r−δ)) entanglement-assisted clas-
sical code achieving a success probability 1 − ε for all ε ∈ (0, 1), δ > 0, and sufficiently
large n. The entanglement-assisted classical capacity CEA(N ) of a quantum channel N is
equal to the supremum of all achievable rates.

Finally, the one-shot entanglement-assisted success probability is given as the optimal
average success probability over all EA (1, M) codes

SuccEA(N , M) = sup
C

SuccC(N , M). (37)

The one-shot entanglement-assisted error probability can be defined as follows

εEA(N , M) = 1− SuccEA(N , M). (38)
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2.2 Non-signaling assisted channel coding
The computation of the optimal entanglement-assisted (EA) success probability in (37)
is notoriously difficult, as it requires optimization over shared entangled states, encod-
ing channels, and decoding measurement devices, all of which can involve systems with
unbounded dimension. A natural relaxation of this optimization is obtained by allowing
more powerful correlations known as non-signaling [36]. Strategies using this assistance
encompass entanglement-assisted strategies, though communication cannot be achieved
using non-signaling correlations alone.

A non-signaling assisted code corresponds to a superchannel which is non-signaling
(does not permit communication by itself) from the encoder to the decoder and vice-versa.
More precisely, a non-signaling channel between Alice and Bob whose input systems are
Ai, Bi and output systems are Ao, Bo has a positive semi-definite Choi matrix JAiAoBiBo

satisfying (e.g., [17]):

JAiBiBo = 1Ai ⊗ JBiBo , (A ↛ B), (39)
JAiAoBi = JAiAo ⊗ 1Bi , (B ↛ A). (40)

Let NS be the set of non-signaling superchannels. The optimal non-signaling success
probability of a quantum-channel N for sending M messages is

SuccNS(N , M) = sup
Π∈NS

1
M

M∑
m=1
⟨m|Π(N )(|m⟩⟨m|) |m⟩ , (41)

where Π(N ) is the effective channel. The non-signaling error probability of a quantum-
channel N for sending M messages can be defined as follows

εNS(N , M) = 1− SuccNS(N , M). (42)

It is known that the success probability (41) is the solution of the following SDP program
[36, 55]

SuccNS(N , M) = sup
ρR,ΛRB

1
M

Tr [ΛRB(JN )RB]

subject to ρR ∈ S(R),
ΛB = IB,

0 ≼ ΛRB ≼ MρR ⊗ IB, (43)

= sup
ρR,ΛRB

Tr [ΛRB(JN )RB]

subject to ρR ∈ S(R),

ΛB = 1
M

IB,

0 ≼ ΛRB ≼ ρR ⊗ IB. (44)

Unlike the entanglement-assisted success probability (37), the non-signaling success
probability is computationally accessible. Furthermore, since entanglement-assisted strate-
gies are non-signaling, we have the obvious inequality

SuccNS(N , M) ≥ SuccEA(N , M). (45)

One of the goals of this paper is to design approximation algorithms that achieve a reverse
type inequality of (45) with as small an (additive or multiplicative) error as possible.
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2.3 Non-signaling value and meta-converse
In the previous section, we observed that non-signaling strategies are useful for approxi-
mating the entanglement-assisted success probability of coding over quantum channels. It
turns out that the non-signaling success probability is closely related to the well-known
meta-converse [41, 35, 36, 55]. In fact, they are even equal in the classical setting [35]. The
meta-converse error probability for one-shot coding over a quantum channel N and with
a communication size M is [36]

εMC(N , M) = inf
{

ε ∈ [0, 1]
∣∣∣ sup

ρR∈S(R)
inf

σB∈S(B)
Dε

H

(
ρ

1/2
R (JN )RBρ

1/2
R

∥∥ρR ⊗ σB

)
≥ log M

}
.

(46)

It is known that the meta-converse success probability is the solution of the following SDP
program [36, 55]

SuccMC(N , M) = sup
ρR,ΛRB

1
M

Tr [ΛRB(JN )RB]

subject to ρR ∈ S(R),
ΛB ≼ IB,

0 ≼ ΛRB ≼ MρR ⊗ IB. (47)

Observe that the difference between the meta-converse program (47) and the non-signaling
program (43) for the success probability lies in the constraint ΛB ≼ IB versus ΛB = IB.
This implies that SuccMC(N , M) ≥ SuccNS(N , M), since the meta-converse allows for
a looser constraint on the measurement operator ΛB. The authors of [55] show that
the meta-converse corresponds to non-signaling correlations assisted by 1-bit of perfect
communication (known as activation). In the following we provide a reverse inequality
between the meta-converse and non-signaling success probabilities, achieving this with a
multiplicative error and without the need for activation.

Proposition 8. Let N be a quantum channel and M ≥ 1. We have that

SuccMC(N , M) ≥ SuccNS(N , M) ≥
(

1− 1
M

)
· SuccMC(N , M). (48)

Proof. The NS and MC programs are stated in (43) and (47) respectively. The inequal-
ity SuccMC(N , M) ≥ SuccNS(N , M) is clear. Let us prove the remaining inequality
SuccNS(N , M) ≥

(
1− 1

M

)
· SuccMC(N , M). To this end, we consider (ρR, ΛRB) an op-

timal solution of (47) with size M − 1. We construct Λ′
RB = ΛRB + ρR ⊗ (IB − ΛB) that

satisfies:

Λ′
RB ≽ ΛRB ≽ 0, (49)
Λ′

B = ΛB + (IB − ΛB) = IB, (50)
Λ′

RB = ΛRB + ρR ⊗ (IB − ΛB) (51)
≼ (M − 1)ρR ⊗ IB + ρR ⊗ IB (52)
= MρR ⊗ IB. (53)
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So (ρR, Λ′
RB) is a feasible solution to the program (43) of size M . Hence, we have

SuccNS(N , M) ≥ 1
M

Tr
[
Λ′

RB · (JN )RB

]
(54)

≥ 1
M

Tr [ΛRB · (JN )RB] (55)

= M − 1
M

· SuccMC(N , M − 1) (56)

≥
(

1− 1
M

)
· SuccMC(N , M), (57)

where we used in the last inequality SuccMC(N , M − 1) ≥ SuccMC(N , M) that can be
easily checked with the following formulation obtained from (47) by making the change of
variable ΛRB ← 1

M ΛRB:

SuccMC(N , M) = sup
ρR,ΛRB

Tr [ΛRB(JN )RB]

subject to ρR ∈ S(R),

ΛB ≼
1

M
IB,

0 ≼ ΛRB ≼ ρR ⊗ IB. (58)

Proposition 8 demonstrates that as the number of messages grows, the optimal success
probabilities for MC and NS strategies converge. Since the approximation is multiplicative
with respect to success probabilities, this rounding result has a direct implication in terms
of the strong converse exponent. The strong converse exponents for the meta-converse and
non-signaling error probabilities are defined as follows:

EMC(N , r) = lim
n→∞

− 1
n

log SuccMC(N⊗n, enr), (59)

ENS(N , r) = lim
n→∞

− 1
n

log SuccNS(N⊗n, enr). (60)

Using Proposition 8 we immediately deduce that the meta-converse and non-signaling
strategies have the same strong converse exponent:

Corollary 9. Let N be a quantum channel. For all r ≥ 0, we have that

EMC(N , r) = ENS(N , r). (61)

The meta-converse (46) corresponds to the problem of composite hypothesis testing.
We deduce the achievability strong converse exponent of the meta-converse from the one
established for composite hypothesis testing by [27]:

Proposition 10. Let N be a quantum channel. For all r ≥ 0, we have that

EMC(N , r) = lim
n→∞

− 1
n

log SuccMC(N⊗n, enr) (62)

≤ sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (63)
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Proof. We have that from Proposition 19:

SuccMC(N , M) = sup
ρR∈S(R)

sup
0≼O≼I

{
Tr
[
ρ

1/2
R (JN )RBρ

1/2
R ·O

] ∣∣∣ sup
σB∈S(B)

Tr [(ρR ⊗ σB)O] ≤ 1
M

}
.

So, we have for n ∈ N

SuccMC(N⊗n, enr)

= sup
ρRn ∈S(Rn)

sup
0≼O≼I

{
Tr
[
ρ

1/2
Rn (JN )⊗n

RnBnρ
1/2
Rn ·O

] ∣∣∣ sup
σBn ∈S(Bn)

Tr [(ρRn ⊗ σBn)O] ≤ e−nr
}

≥ sup
ρR∈S(R)

sup
0≼O≼I

{
Tr
[(

ρ
1/2
R (JN )RBρ

1/2
R

)⊗n ·O
] ∣∣∣ sup

σBn ∈S(Bn)
Tr
[
(ρ⊗n

R ⊗ σBn)O
]
≤ e−nr

}
(64)

where we choose the state to be iid, i.e., ρRn = (ρR)⊗n. From the strong converse result
for the composite hypothesis testing problem of [27, Theorem 14] we deduce that:

− 1
n

log sup
0≼O≼I

{
Tr
[(

ρ
1/2
R (JN )RBρ

1/2
R

)⊗n ·O
] ∣∣∣∣∣ sup

σBn ∈S(Bn)
Tr
[
(ρ⊗n

R ⊗ σBn)O
]
≤ e−nr

}
(65)

−→
n→∞

sup
α>0

α

1 + α

(
r − inf

σB∈S(B)
Ĩ1+α(ρ1/2

R (JN )RBρ
1/2
R ∥ρR ⊗ σB)

)
. (66)

Hence, we get

lim sup
n→∞

− 1
n

log SuccMC(N⊗n, enr) (67)

≤ inf
ρR∈S(R)

sup
α≥0

α

1 + α

(
r − inf

σB∈S(B)
Ĩ1+α(ρ1/2

R (JN )RBρ
1/2
R ∥ρR ⊗ σB)

)
(68)

= sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
, (69)

where the last equality can be proven using Sion’s minimax theorem (see [33, Eqs. (100)–
(102)]).

On the other hand, the converse strong converse exponent is proven by [22] for
entanglement-assisted strategies.

Proposition 11. Let N be a quantum channel. For all r ≥ 0, we have that

EMC(N , r) = lim
n→∞

− 1
n

log SuccMC(N⊗n, enr) (70)

≥ sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (71)

This result is stated in [22] for EA strategies. By inspection, the proof applies for
the meta-converse as well. For the reader’s convenience, we include a detailed proof of
the converse result of the meta-converse strong converse exponent in Appendix C. By
combining Corollary 9, Proposition 10, and Proposition 11, we deduce the NS and MC
strong converse exponent.

Corollary 12. Let N be a quantum channel. For all r ≥ 0, we have that

EMC(N , r) = ENS(N , r) = sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (72)
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3 Approximation algorithms in the quantum-classical setting
In this section, we consider the restricted class of quantum-classical channels with classical
output system. We are able to prove approximation results that relate the entanglement-
assisted and non-signaling success probabilities.

Proposition 13. Let N be a quantum-classical channel and M, M ′ ≥ 1. We have the
following inequality between the entanglement-assisted and non-signaling success probabil-
ities

SuccEA(N , M ′) ≥ M

M ′

(
1−

(
1− 1

M

)M ′)
SuccNS(N , M). (73)

In particular, when M ′ = M , we obtain

SuccEA(N , M) ≥
(

1−
(

1− 1
M

)M
)

SuccNS(N , M) (74)

≥
(

1− 1
e

)
SuccNS(N , M). (75)

Moreover, when M ′ = o(M), we have that

SuccEA(N , M ′) ≥
(

1− M ′

2M
+ o

(M ′

M

))
SuccNS(N , M). (76)

This result extends the classical rounding results from [3] to the quantum-classical
setting with entanglement assistance while maintaining the same approximation guar-
antees. Additionally, [3] proved that similar approximation ratio (between shared ran-
domness and non-signaling success probabilities) is optimal for classical channels. Since
SuccNS(N , M) ≥ SuccEA(N , M) ≥

(
1− 1

e

)
SuccNS(N , M), we conclude that EA and NS

have the same strong converse exponent. Therefore, by Corollary 12, we obtain the follow-
ing characterization of the EA strong converse exponent.

Corollary 14. Let N be a quantum-classical channel. For all r ≥ 0, we have that

EEA(N , r) = ENS(N , r) = sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (77)

Proof of Proposition 13. Let (ΛRB, ρR) be an optimal solution to the NS success prob-
ability program (44). Let M ′ be the size of the messages to be transmitted with an
entanglement-assisted strategy. We consider the following scheme inspired from the
position-based coding of [1] and the sequential decoder of [57]:

Shared entanglement. Let |ϕ⟩RR′ = ρ
1/2
R |w⟩RR′ be a purification of ρR where R′ ≃ R.

The shared entanglement state is

M ′⊗
m=1

ϕRmR′
m

, (78)

where R′
1 · · ·R′

M ′ systems are held by Alice while R1 · · ·RM ′ systems are held by
Bob.
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Encoding. To send the message m ∈ [M ′], Alice places the system R′
m in A′ and traces

out the rest of her part of the shared entanglement. In other words, she applies the
map idR′

m→A′ ⊗
⊗

l ̸=m TrR′
l
[·]. The resulting state is

σR1R2···RM′ A′(m) = idR′
m→A′ ⊗

⊗
l ̸=m

TrR′
l

[⊗M ′
l=1 ϕRlR

′
l

]
= ϕRmA′ ⊗

⊗
l ̸=m

ρRl
. (79)

Transmission. Alice transmits A′ over the channel NA′→B. The global state is then

ζR1R2···RM′ B(m) = NA′→B(σR1R2···RM′ A′(m)) = NA′→B (ϕRmA′)⊗
⊗
l ̸=m

ρRl
. (80)

Decoding. Since (ΛRB, ρR) is a solution of the program (44), they satisfy 0 ≼ ΛRB ≼
ρR ⊗ IB, thus we can define the observable

0 ≼ ORB = ρ
−1/2
R ΛRBρ

−1/2
R ≼ IRB. (81)

Bob performs the measurement:{
ΞR1R2···RM′ B(m)

}M ′

m=1

⋃{
Ξ⋆

R1R2···RM′ B

}
, with (82)

ΞR1R2···RM′ B(m) =
√
I−OR1B · · ·

√
I−ORm−1BORmB

√
I−ORm−1B · · ·

√
I−OR1B,

(83)

Ξ⋆
R1R2···RM′ B = IR1R2···RM′ B −

M ′∑
m=1

ΞR1R2···RM′ B(m). (84)

This measurement corresponds to sequentially measuring RtB using the POVM
{ORtB, I−ORtB} for t = 1, 2, . . . and returning the first index t for which we get the
first outcome (corresponding to the observable ORtB). Note that the last operator
in (82) can be written as

Ξ⋆
R1···RM′ B = I−

√
I−OR1B · · ·

√
I−ORM′−1B(I−ORM′ B)

√
I−ORM′−1B · · ·

√
I−OR1B,

(85)

which shows that it is indeed an observable (using 0 ≼ ORB ≼ IRB) and the set
(82) is a valid POVM. If we observe an outcome corresponding to the operator
Ξ⋆

R1R2···RM′ B we return 0. Since B is a classical system we have that

∀l ̸= l′ : ORlBORl′ B = ORl′ BORlB, (86)

thus the measurement operators can be written as

ΞR1R2···RM′ B(m) =
√
I−OR1B · · ·

√
I−ORm−1BORmB

√
I−ORm−1B · · ·

√
I−OR1B

(87)
= (I−OR1B) · · · (I−ORm−1B)ORmB. (88)
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Analysis of the scheme. The success probability of decoding the mth message can
be calculated as follows:

Succ(N , M ′, m) (89)

= Tr
[
ζR1R2···RM′ B(m) · ΞR1R2···RM′ B(m)

]
(90)

= Tr

NA′→B (ϕRmA′)⊗
⊗
l ̸=m

ρRl
· (I−OR1B) · · · (I−ORm−1B)ORmB

 (91)

= Tr

ρ
1/2
Rm
NA′→B (wRmA′) ρ

1/2
Rm
⊗
⊗
l ̸=m

ρRl
· (I−OR1B) · · · (I−ORm−1B)ORmB

 (92)

= Tr
[
(JN )RmB · (ρR1 − ΛR1B) · · · (ρRm−1 − ΛRm−1B)ΛRmB

]
(93)

= Tr [(JN )RmB · (IB − ΛB) · · · (IB − ΛB)ΛRmB] (94)

=
(

1− 1
M

)m−1
Tr [(JN )RmB · ΛRmB] (95)

=
(

1− 1
M

)m−1
SuccNS(N , M), (96)

where we used ΛB = 1
M IB and Tr [(JN )RB · ΛRB] = SuccNS(N , M).

Hence, the average success probability of this scheme can be calculated as follows:

1
M ′

M ′∑
m=1

Succ(N , M ′, m) = 1
M ′

M ′∑
m=1

(
1− 1

M

)m−1
SuccNS(N , M) (97)

= M

M ′

(
1−

(
1− 1

M

)M ′)
SuccNS(N , M). (98)

Finally we deduce the desired bound on the EA success probability:

SuccEA(N , M ′) ≥ 1
M ′

M ′∑
m=1

Succ(N , M ′, m) (99)

= M

M ′

(
1−

(
1− 1

M

)M ′)
SuccNS(N , M). (100)

The optimality of Proposition 13 remains unclear, as entanglement-assisted strategies
are more challenging to manage compared to shared-randomness strategies (e.g., [40, 9,
8]). Moreover, we are unable to establish similar approximations as in Proposition 13 in
the fully quantum setting. The main challenge is that, in the quantum setting, we can
no longer simplify the measurement operators as done in (88). Consequently, the analysis
of the sequential decoder (82) becomes non-trivial and does not yield the exact success
probabilities as in (96). In the next section, we present alternative approximation results
for channel coding in the quantum setting.

4 Approximation algorithms in the quantum setting
In this section, we explore approximation algorithms for channel coding in the general
quantum setting. Our objective is to design algorithms that approximate the entanglement-
assisted success probability. We begin by presenting a simple approximation with an
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additive error in Section 4.1, followed by a more involved approximation that achieves a
multiplicative error in Section 4.2.

4.1 Approximation with an additive error
Our first attempt at designing approximation algorithms uses the same shared entangle-
ment and the position-based coding [1, 43], similar to what we have done in the quantum-
classical setting in Section 3. However, to deal with the non-commutative difficulty that
arises in the quantum setting, we use the well-known decoder and inequality of Hayashi-
Nagaoka [26].

Proposition 15. Let N be quantum channel and M, M ′ ≥ 1. We have the following
inequality between the entanglement-assisted and non-signaling error probabilities

εEA(N , M ′) ≤ 2εNS(N , M) + 4M ′ − 1
M

. (101)

Moreover, we have the following inequality between the entanglement-assisted and non-
signaling success probabilities

SuccEA(N , M ′) ≥ SuccNS(N , M)− 5
√

M ′

M
. (102)

This proposition is similar to what was achieved for classical-quantum channels using
shared-randomness strategies by [21]. Additionally, it implies that non-signaling correla-
tions do not allow to improve the entanglement-assisted classical capacity of a quantum
channel [31]. Finally, for an approximation in terms of error probabilities, the additive
error O(M ′

M ) seems to be unavoidable. This can be seen by the optimality proof in the

classical setting of [3]. In terms of success probabilities, the additive error O
(√

M ′

M

)
is

not sufficient enough to deduce optimal strong converse exponents. For this reason, in
the next section, we explore more involved approximation algorithms that achieve small
multiplicative errors.

Proof of Proposition 15. Let (ΛRB, ρR) be an optimal solution of the NS success proba-
bility program (44). Let M ′ be the number of the messages to be transmitted with an
entanglement-assisted strategy. We consider the following scheme inspired by the position-
based coding of [1] and Hayashi-Nagaoka decoder [26]:

Shared entanglement. Let |ϕ⟩RR′ = ρ
1/2
R |w⟩RR′ be a purification of ρR where R′ ≃ R.

The shared entanglement state is
M ′⊗

m=1
ϕRmR′

m
, (103)

where R′
1 · · ·R′

M ′ systems are held by Alice while R1 · · ·RM ′ systems are held by
Bob.

Encoding. To send the message m ∈ [M ′], Alice places the system R′
m in A′ and traces

out the rest of her part of the shared entanglement. In other words, she applies the
map idR′

m→A′ ⊗
⊗

l ̸=m TrR′
l
[·]. The resulting state is

σR1R2···RM′ A′(m) = idR′
m→A′ ⊗

⊗
l ̸=m

TrR′
l

[ M ′⊗
l=1

ϕRlR
′
l

]
= ϕRmA′ ⊗

⊗
l ̸=m

ρRl
. (104)
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Transmission. Alice transmits A′ over the channel NA′→B. The global state is then

ζR1R2···RM′ B(m) = NA′→B(σR1R2···RM′ A′(m)) = NA′→B (ϕRmA′)⊗
⊗
l ̸=m

ρRl
. (105)

Decoding. Since (ΛRB, ρR) is a solution of the program (44), they satisfy 0 ≼ ΛRB ≼
ρR ⊗ IB thus we can define the observable

0 ≼ ORB = ρ
−1/2
R ΛRBρ

−1/2
R ≼ IRB. (106)

Bob performs the measurement [26]{
ΞR1R2···RM′ B(m) =

(∑M ′
l=1 ORlB

)−1/2
ORmB

(∑M ′
l=1 ORlB

)−1/2
}M ′

m=1
. (107)

Analysis of the scheme. We rely on the following inequality [26] valid for all 0 ≼
A ≼ I, B ≽ 0 and c > 0:

I− (A + B)−1/2A(A + B)−1/2 ≼ (1 + c)(I−A) + (2 + c + c−1)B. (108)

Using this inequality, the error probability of decoding the mth message can be controlled
as follows:

ε(N , M ′, m) = Tr
[
ζR1···RM′ B(m) · (I− Ξ(m))R1R2···RM′ B

]
(109)

≤ (1 + c)Tr
[
ζR1···RM′ B(m) · (I−ORmB)

]
(110)

+(2 + c + c−1)Tr
[
ζR1···RM′ B(m)(∑l ̸=m ORlB)

]
(111)

Recall that |ϕ⟩RA′ = ρ
1/2
R |w⟩RA′ . The first term (110) can be simplified as follows:

Tr
[
ζR1R2···RM′ B(m) · (I−ORmB)

]
= 1− Tr

NA′→B (ϕRmA′)⊗
⊗
l ̸=m

ρRl
· ΛRmB

ρRm

 (112)

= 1− Tr
[
ρ

1/2
Rm
NA′→B (wRmA′) ρ

1/2
Rm
· ΛRmB

ρRm

]
(113)

= 1− Tr [(JN )RmB · ΛRmB] (114)
= εNS(N , M). (115)

The second term (111) can be calculated as follows:

Tr
[
ζR1R2···RM′ B(m) · (∑l ̸=m ORlB)

]
= Tr

NA′→B (ϕRmA′)⊗
⊗
l ̸=m

ρRl
· (∑l ̸=m

ΛRlB

ρRl
)


(116)

= ∑
l ̸=m Tr [NA′→B (ρA′) · ΛB] (117)

= ∑
l ̸=m Tr

[
NA′→B (ρA′) · 1

M IB

]
(118)

= M ′ − 1
M

. (119)
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Hence from (110), (111), (115) and (119) we deduce that the average error probability is
bounded as follows:

εEA(N , M ′) ≤ 1
M ′

M ′∑
m=1

ε(N , M ′, m) ≤ (1 + c)εNS(N , M) + (2 + c + c−1)M ′ − 1
M

. (120)

In particular for c = 1 we deduce

εEA(N , M ′) ≤ 2εNS(N , M) + 4M ′ − 1
M

. (121)

In terms of success probability we have that from (120):

1− εEA(N , M ′) ≥ 1− εNS(N , M)− cεNS(N , M)− (2 + c + c−1)M ′ − 1
M

. (122)

Then, if M ′ ≤M , we choose c =
√

M ′

M ≤ 1 and obtain

SuccEA(N , M ′) ≥ SuccNS(N , M)− 2
√

M ′

M
− 3M ′

M
(123)

≥ SuccNS(N , M)− 5
√

M ′

M
. (124)

If M ′ > M , this inequality holds trivially.

4.2 Approximation with a multiplicative error
In this section, we focus on obtaining an approximation of the entanglement-assisted suc-
cess probability with a small multiplicative error in the quantum setting, as similar results
in the classical, classical-quantum, and quantum-classical settings have already been es-
tablished in [3, 21], and in Section 3, respectively. To this end, we round a non-signaling
strategy to an entanglement-assisted one. The program of the non-signaling success prob-
ability (44) can be written as

SuccNS(N , M) = sup
ρR∈S(R)

sup
ΛRB

{
Tr [ΛRB · (JN )RB]

∣∣∣ΛB = 1
M IB, 0 ≼ ΛRB ≼ ρR ⊗ IB

}
(125)

= sup
ρR∈S(R)

SuccNS(N , M, ρ), (126)

where we introduce SuccNS(N , M, ρ) for ρR ∈ S(R) defined as:

SuccNS(N , M, ρ) = sup
ΛRB

Tr [ΛRB(JN )RB]

subject to ΛB = 1
M

IB,

0 ≼ ΛRB ≼ ρR ⊗ IB. (127)

We have the following rounding result of the non-signaling success probability in the quan-
tum setting.
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Proposition 16. Let NA→B be a quantum channel, ρR ∈ S(R) be a quantum state and
M ≥ 1. Let v be the number of distinct eigenvalues of ρR. Assume that log |A| ≥ e2. We
have that

SuccEA(N , M) ≥ 1
2v log(2vMev|A|v|B|) · SuccNS(N , M, ρ). (128)

This approximation of the success probability is not as clean as the one established for
quantum-classical channels in Proposition 13. However, since the multiplicative error in
Eq. (128) depends logarithmically on the size of the channel N , the communication size,
and the number of distinct eigenvalues of the state ρR, we will see in Section 4.3 that in
terms of the strong converse exponent, this approximation is largely sufficient.

To prove Proposition 16, we combine ideas from the classical-quantum rounding result
of [21], coding using the decoupling technique [30, 33], position-based coding [1], and the
flattening input state technique [33].

Proof of Proposition 16. Let A′ ≃ R ≃ A. Write R = ⊕v
j=1 Rj and

ρR =
v⊕

j=1
λjΠj

R =
v⊕

j=1
pj1Rj , (129)

where {λj}j are the distinct eigenvalues of ρR, {Πj
R}j are orthogonal projectors onto the

Hilbert spaces {Rj}j , 1Rj is the maximally mixed state on Rj , i.e., 1Rj = 1
|Rj |Π

j
R and

pj = |Rj | · λj .
Let L(H) be any unitary 1-design probability measure on U(H), i.e, for all XHK

EU∼L(H)
[
UHXHKU †

H

]
= 1H ⊗XK. (130)

Sampling uniformly at random from the set of Pauli operators is an example of a unitary
1-design.

Denote by ΨAA′ = |Ψ⟩⟨Ψ|AA′ the maximally entangled state on AA′. Concretely, if
{|xi⟩}|A|

i=1 is an orthonormal basis of A consisting of the eigenvectors of ρ, |Ψ⟩AA′ is defined
as:

|Ψ⟩AA′ = 1√
|A|

|A|∑
i=1
|xi⟩A ⊗ |xi⟩A′ . (131)

Consider the following rounding scheme illustrated in Figure 1.

Shared entanglement and classical randomness. Let j1, . . . , jM
iid∼ {pj}j , U1 ∼

L(Rj1), . . . , UM ∼ L(RjM ) and we write j ∼ p,U ∼ L. This forms the shared-
randomness, and the shared entanglement is given by

v⊗
j=1

Ψ
Bj

j Aj
j
, (132)

where A1 ≃ · · · ≃ Av ≃ R systems are held by Alice while B1 ≃ · · · ≃ Bv ≃ R
systems are held by Bob. For j ∈ [v], Aj

j is the jth subspace in the decomposition
of Aj = ⊕v

l=1 Aj
l , and similarly, Bj

j is the jth subspace in the decomposition of
Bj = ⊕v

l=1 Bj
l .
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Figure 1: Illustration of an entanglement-assisted protocol achieving the performance of Proposition
16. Wavy lines: Represent the shared randomness. Thick lines: Represent the shared entanglement.
Arrow: Indicates the time progression of the protocol. Depending on the message m and the shared
randomness, the system Ajm

jm
is swapped with A′. Then, the unitary channel Um(·) = U⊤

m(·)Um (which
depends on m and the shared randomness) is applied before the transmission of the system A′ through
the channel NA′→B . In order to decode the message, a measurement (which depends on the shared
randomness) is performed on the systems B1

1 · · ·Bv
v B yielding the outcome m′.

Encoding. To send the message m ∈ [M ], Alice first applies the unitary Um(·) =
U⊤

m(·)Um on Ajm
jm

, then she places Ajm
jm

in A′. The resulting state in the jth
m ten-

sor factor of the shared entanglement tensor product is

Ψ
Bjm

jm
Ajm

jm

Um−→ (U⊤
m)

Ajm
jm

Ψ
Bjm

jm
Ajm

jm

(U t)Ajm
jm

(133)

= (Um)
Bjm

jm

Ψ
Bjm

jm
Ajm

jm

(U †
m)

Bjm
jm

(134)

Ajm
jm

→A′

−→ ιAjm →A′

(
(Um)

Bjm
jm

Ψ
Bjm

jm
Ajm

jm

(U †
m)

Bjm
jm

)
, (135)

where we used the property of the maximally entangled state UBj ⊗ UAj |Ψ⟩BjAj =
|Ψ⟩BjAj , and ιAjm →A′ is a unitary channel since Ajm ≃ R ≃ A′. Note that the state
Ψ

Bjm
jm

Ajm
jm

on Bjm
jm

Ajm
jm

can be considered as a matrix on Bjm
jm

Ajm by inclusion (i.e.
by padding zero block matrices). Next, Alice traces out her remaining part of the
shared entanglement and the global state is then

σB1···BvA′(m) = (Um)
Bjm

jm

· ιAjm →A′

(
Ψ

Bjm
jm

Ajm
jm

)
· (U †

m)
Bjm

jm

⊗
⊗

s∈[v]\jm

ΨBs
s

(136)

= (Um)
Bjm

jm

· ιAjm →A′

(
Ψ

Bjm
jm

Ajm
jm

)
· (U †

m)
Bjm

jm

⊗
⊗

s∈[v]\jm

1Bs
s
. (137)
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More precisely, by denoting Vm(·) = Um(·)U †
m, the encoding channel is

Em
A1

1···Av
v→A′ (·) = ιAjm →A′ ◦ (Um)

Ajm
jm

→Ajm
jm

(·)⊗
⊗

s∈[v]\jm

Tr(Bs
s)′ [·] (138)

= (Vm)
Bjm

jm
→Bjm

jm

◦ ιAjm →A′(·)⊗
⊗

s∈[v]\jm

Tr(Bs
s)′ [·] , (139)

and the global state can be written as

Em
A1

1···Av
v→A′

 v⊗
j=1

Ψ
Bj

j Aj
j

 (140)

= ιAjm →A′ ◦ (Vm)
Bjm

jm
→Bjm

jm

(Ψ
Bjm

jm
Ajm

jm

)⊗
⊗

s∈[v]\jm

Tr(Bs
s)′

[
ΨBs

s(Bs
s)′

]
. (141)

Transmission. Alice transmits the system A′ over the channel NA′→B. The global state
becomes

ζB1···BvB(m) = (Vm)
Bjm

jm
→Bjm

jm

◦ NA′→B ◦ ιAjm →A′

(
Ψ

Bjm
jm

Ajm
jm

)
⊗

⊗
s∈[v]\jm

1Bs
s
.

(142)

Decoding. Let ΛRB be an optimal solution to

SuccNS(N , M, ρR) = sup
ΛRB

{
Tr [ΛRB · (JN )RB] |ΛB = 1

M IB, 0 ≼ ΛRB ≼ ρR ⊗ IB

}
.

(143)

Bob performs the measurement{∥∥∥∑M
l=1 Oj,U (l)

∥∥∥−1

∞
· Oj,U (m)

}M

m=1

⋃ {
I−

∑M
m=1

∥∥∥∑M
l=1 Oj,U (l)

∥∥∥−1

∞
· Oj,U (m)

}
,

(144)

with Oj,U
B1···BvB(m) =

|Bjm
jm
|

pjm

· (Um)
Bjm

jm

Πjm

Bjm ΛBjm BΠjm

Bjm (U †
m)

Bjm
jm

⊗
⊗

s∈[v]\jm

IBs .

(145)

Recall that, for s ∈ [v], Bs = ⊕v
j=1 Bs

j , and Πjm

Bjm is the orthogonal projector onto
the Hilbert subspace Bjm

jm
of Bjm . Oj,U (m) should be viewed (by padding zero blocks

when necessary) as an operator on the space B1B2 · · ·BvB so the dimension of Oj,U (m)
is |R|v · |B|. Note that ∑M

m=1

∥∥∥∑M
l=1 Oj,U (l)

∥∥∥−1

∞
· Oj,U (m) ≼ I which confirms that (144)

is a valid POVM. If Bob observes an outcome ‘m′’, corresponding to the measurement
operator

∥∥∥∑M
l=1 Oj,U (l)

∥∥∥−1

∞
·Oj,U (m′), he decodes the message and returns m′. Otherwise,

if the outcome corresponds to I−
∑M

m=1

∥∥∥∑M
l=1 Oj,U (l)

∥∥∥−1

∞
· Oj,U (m), Bob returns 0.

Let us analyze this scheme. Denote by Z the random variable Z =
∥∥∥∑M

m=1 Oj,U (m)
∥∥∥

∞
.

The success probability of sending the message m ∈ [M ] conditioned on (j1, . . . , jM ) and
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(U1, . . . , UM ) is:

Succ(N , M, m) (146)

= Tr
[

1
Z ·O

j,U
B1···BvB(m) · ζB1···BvB(m)

]
(147)

= |Bjm
jm

|
Zpjm

Tr
[
(Um)

Bjm
jm

Πjm

Bjm ΛBjm BΠjm

Bjm (U †
m)

Bjm
jm

·(Um)
Bjm

jm

NA′→B◦ιAjm →A′

(
Ψ

Bjm
jm

Ajm
jm

)
(U †

m)
Bjm

jm

]
(148)

= 1
Zpjm

Tr
[
Πjm

Bjm ΛBjm BΠjm

Bjm · NA′→B ◦ ιAjm →A′

(
|Bjm

jm
| ·Ψ

Bjm
jm

Ajm
jm

)]
(149)

(a)= 1
Zpjm

Tr
[
Πjm

Bjm ΛBjm BΠjm

Bjm · NA′→B ◦ ιAjm →A′

(
|Bjm | ·Πjm

Bjm ΨBjm Ajm Πjm

Bjm

)]
(150)

(b)= 1
Zpjm

Tr
[
Πjm

Bjm ΛBjm BΠjm

Bjm · NA′→B ◦ ιAjm →A′

(
|Bjm | ·ΨBjm Ajm

)]
(151)

= 1
Zpjm

Tr
[
Πjm

Bjm ΛBjm BΠjm

Bjm · (JN )Bjm B

]
, (152)

where in (a) we used |Bjm
jm
| ·Ψ

Bjm
jm

Ajm
jm

= |Bjm | · Πjm

Bjm ΨBjm Ajm Πjm

Bjm proved below; in (b)

we used that Πjm

Bjm is a projector onto Bjm
jm

that commutes with NA′→B ◦ ιAjm →A′ .
To prove |Bjm

jm
|Ψ

Bjm
jm

Ajm
jm

= Πjm

Bjm |Bjm |ΨBjm Ajm Πjm

Bjm , we note that for a basis element |x⟩

of Bjm (an eigenvector of ρ), we have either Πjm

Bjm |x⟩ = 0 or Πjm

Bjm |x⟩ = |x⟩ in which case
|x⟩ ∈ Bjm

jm
so

|Bjm | ·Πjm

Bjm ΨBjm Ajm Πjm

Bjm = Πjm

Bjm

|R|∑
i,j=1
|xi⟩ ⟨xj |Bjm ⊗ |xi⟩ ⟨xj |Ajm Πjm

Bjm (153)

=
∑

i,j∈[|R|]:
xi,xj∈Bjm

jm

|xi⟩ ⟨xj |Bjm
jm

⊗ |xi⟩ ⟨xj |Ajm
jm

(154)

= |Bjm
jm
| ·Ψ

Bjm
jm

Ajm
jm

. (155)

Let G = {Z ≤ log(2vMev|R|v|B|)} denotes the ‘good’ event that Z is bounded. We
have that from (152):

Ej∼p,U∼L [Succ(N , M, m)] (156)
≥ Ej∼p,U∼L [Succ(N , M, m) · 1(G)] (157)

= Ej∼p,U∼L
[

1
Zpjm

Tr
[
Πjm

Bjm ΛBjm BΠjm

Bjm · (JN )Bjm B

]
· 1(G)

]
(158)

≥ Ej∼p,U∼L

[
1

pjm

· 1
log(2vMev|R|v|B|) · Tr

[
Πjm

Bjm ΛBjm BΠjm

Bjm · (JN )Bjm B

]
· 1(G)

]
(159)

= Ej∼p,U∼L

[
1

pjm

· 1
log(2vMev|R|v|B|) · Tr

[
Πjm

Bjm ΛBjm BΠjm

Bjm · (JN )Bjm B

]]
(160)

− Ej∼p,U∼L

[
1

pjm

· 1
log(2vMev|R|v|B|) · Tr

[
Πjm

Bjm ΛBjm BΠjm

Bjm · (JN )Bjm B

]
· 1(Gc)

]
.

(161)
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The expectation (160) can be lower bounded as follows:

Ej∼p,U∼L

[
1

pjm

· 1
log(2vMev|R|v|B|) · Tr

[
Πjm

Bjm ΛBjm BΠjm

Bjm · (JN )Bjm B

]]
(162)

=
v∑

j=1
pj

1
pj
· 1

log(2vMev|R|v|B|) · Tr
[
Πj

RΛRBΠj
R · (JN )RB

]
(163)

= 1
log(2vMev|R|v|B|) · Tr

[ v∑
j=1

Πj
RΛRBΠj

R · (JN )RB

]
(164)

≥ 1
log(2vMev|R|v|B|) ·

1
v
· Tr [ΛRB · (JN )RB] (165)

= 1
log(2vMev|R|v|B|) ·

1
v
· SuccNS(N , M, ρ), (166)

where we used Bjm ≃ R and in the inequality we used the pinching inequality (30)

v ·
v∑

j=1
Πj

RΛRBΠj
R = v · Pρ(ΛRB) ≽ ΛRB. (167)

To bound the expectation (161), we use concentration of random matrices as in [21]. Since
ΛRB is a solution to the program (143), we have ΛRB ≼ ρR ⊗ IB so Πjm

Bjm ΛBjm BΠjm

Bjm ≼
pjm1

Bjm
jm

⊗ IB thus

Ej∼p,U∼L

[
1

pjm

· 1
log(2vMev|R|v|B|) · Tr

[
Πjm

Bjm ΛBjm BΠjm

Bjm · (JN )Bjm B

]
· 1(Gc)

]
(168)

≤ 1
log(2vMev|R|v|B|) · Ej∼p,U∼L

[
Tr
[
1

Bjm
jm

⊗ IB · (JN )Bjm B

]
· 1(Gc)

]
(169)

= 1
log(2vMev|R|v|B|) · Ej∼p,U∼L

[
Tr
[
1

Bjm
jm

· IBjm

]
· 1(Gc)

]
(170)

= 1
log(2vMev|R|v|B|) · Pj∼p,U∼L

[∥∥∥∑M
m=1 Oj,U (m)

∥∥∥
∞

> log(2vMev|R|v|B|)
]

, (171)

where we recall the definition of the random matrix Oj,U
B1···BvB(m):

Oj,U
B1···BvB(m) =

|Bjm
jm
|

pjm

· (Um)Bjm
Πjm

Bjm ΛBjm BΠjm

Bjm (U †
m)Bjm

⊗
⊗

s∈[v]\jm

IBs . (172)

Moreover, Πjm

Bjm ΛBjm BΠjm

Bjm ≼ pjm1
Bjm

jm

⊗ IB implies

0 ≼ Oj,U
B1···BvB(m) = |Bjm

jm
|

pjm
· (Um)Bjm

Πjm

Bjm ΛBjm BΠjm

Bjm (U †
m)Bjm

⊗
⊗

s∈[v]\jm

IBs (173)

≼ |Bjm
jm
| · (Um)

Bjm
jm

1
Bjm

jm

⊗ IB(U †
m)

Bjm
jm

⊗
⊗

s∈[v]\jm

IBs (174)

= I
Bjm

jm

⊗ IB ⊗
⊗

s∈[v]\jm

IBs (175)

≼ IBjm ⊗
⊗

s∈[v]\jm

IBs ⊗ IB (176)

= IB1···Bv ⊗ IB , (177)
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and thus 0 ≤ λmin(Oj,U (m)) as well as λmax(Oj,U (m)) ≤ 1 = L. Furthermore, the
expectation of the random matrix Oj,U (m) can be controlled as follows:

Ej∼p,U∼L
[
Oj,U

B1···BvB(m)
]

(178)

=
v∑

jm=1
pjmE

Um∼L(Bjm
jm

)

 |Bjm
jm

|
pjm

· (Um)
Bjm

jm

Πjm

Bjm ΛBjm BΠjm

Bjm (U †
m)

Bjm
jm

⊗
⊗

s∈[v]\jm

IBs


(179)

=
v∑

jm=1
1

Bjm
jm

⊗ Tr
Bjm

jm

|Bjm
jm
| ·Πjm

Bjm ΛBjm BΠjm

Bjm ⊗
⊗

s∈[v]\jm

IBs

 (180)

≼
v∑

jm=1
I
Bjm

jm

⊗ TrBjm

ΛBjm B ⊗
⊗

s∈[v]\jm

IBs

 (181)

≼
v∑

jm=1
IBjm ⊗ ΛB ⊗

⊗
s∈[v]\jm

IBs (182)

= v

M
IB1···Bv ⊗ IB. (183)

Hence, we deduce that µmax = λmax
(∑M

m=1 Ej∼p,U∼L
[
Oj,U

B1···BvB(m)
])

≤
λmax (vIB1···Bv ⊗ IB) = v. Therefore by the matrix Chernoff inequality (L = 1
and µmax ≤ v) (see [53, Theorem 5.1.1] reproduced in Theorem 22) we have for
γ = (1 + δ)µmax = log(2vM |R|v|B|) that

Pj∼p,U∼L
[∥∥∑M

m=1 Oj,U (m)
∥∥

∞ > (1 + δ)µmax
]
≤ |B1 · · ·BvB| ·

(
eδ

(1 + δ)1+δ

)µmax

(184)

(a)
≤ |R|v|B| exp(−γ) (185)
(b)
≤ 1

2 ·
1
v
· SuccNS(N , M, ρ), (186)

where we used in (a) µmax ≤ v and the inequality γ log γ − γ − γ ln(v) ≥ γ valid for all
γ ≥ e2v (this is implied by the choice of γ and the assumption log |A| ≥ e2); in (b) we
used SuccNS(N , M, ρ) ≥ 1

M and we choose γ such that

|R|v|B| exp(−γ) ≤ 1
2 ·

1
v
· 1

M
⇔ γ ≥ log(2vM |R|v|B|). (187)

Consequently, from (166), (171), and (186), we have that

Ej∼p,U∼L [Succ(N , M, m)] (188)

≥ 1
v log(2vMev|R|v|B|) · SuccNS(N , M, ρ)− 1

2v log(2vMev|R|v|B|) · SuccNS(N , M, ρ)

(189)

= 1
2v log(2vMev|R|v|B|) · SuccNS(N , M, ρ). (190)

Finally since R ≃ A we conclude that:

SuccEA(N , M) ≥ 1
M

M∑
m=1

Ej∼p,U∼L [Succ(N , M, m)] (191)

≥ 1
2v log(2vMev|A|v|B|) · SuccNS(N , M, ρ). (192)
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4.3 Application: strong converse exponent for coding over quantum channels
In this section, we apply the approximation result with multiplicative error obtained in
Section 4.2 to establish the entanglement-assisted strong converse exponent in the quantum
setting. To this end, we show that the coding strong converse exponent is the same for
entanglement-assisted and non-signaling strategies.

Proposition 17. Let N be a quantum channel. For all r ≥ 0, we have that

EEA(N , r) = ENS(N , r). (193)

As a direct corollary of this proposition and the exact characterization of the non-
signaling strong converse exponent in Corollary 12, we can conclude the entanglement-
assisted strong converse exponent.

Corollary 18. Let N be a quantum channel. For all r ≥ 0, we have that

EEA(N , r) = sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (194)

We note that [33] is the first to prove this result. Our proof strategy differs significantly
and may be of independent interest.

Proof of Proposition 17. We first reduce the problem to a permutation invariant state
ρR in the non-signaling program of SuccNS(N⊗n, M, ρRn) (127). Next, we reduce the
problem to the case where ρRn = ρdF

Rn is the de Finetti state [12]. Finally we apply the
rounding result proven in Proposition 16.

Reduction to permutation invariant states. By Lemma 21, the optimization in

SuccNS(N⊗n, M) = sup
ρRn ,ΛRnBn

Tr
[
ΛRnBn · (JN )⊗n

RB

]
(195)

subject to ρRn ∈ S(Rn), (196)
ΛBn = 1

M IBn , (197)
0 ≼ ΛRnBn ≼ ρRn ⊗ IBn . (198)

can be restricted to permutation invariant states ρRn . We denote the set of permuta-
tion invariant states over R⊗n by Sn(R). We note that similar symmetry arguments were
used by [36, 31] to reduce the NS programs of the coding size and fidelity.

Reduction to the de Finetti state. Let g(n, d) =
(n+d2−1

n

)
≤ (n + 1)d2−1. Any

permutation invariant state ρRn ∈ Sn(R) satisfies ρRn ≼ g(n, |R|)ρdF
Rn where ρdF

Rn is the de
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Finetti state from [12] and stated later on in (208). So, we find

SuccNS(N⊗n, M) (199)

= sup
ρRn ∈Sn(R)

sup
ΛRnBn

{
Tr
[
ΛRnBn · (JN )⊗n

RB

] ∣∣∣ ΛBn = 1
M IBn , 0 ≼ ΛRnBn ≼ ρRn ⊗ IBn

}
(200)

≤ sup
ΛRnBn

{
Tr
[
ΛRnBn · (JN )⊗n

RB

] ∣∣∣ ΛBn = 1
M IBn , 0 ≼ ΛRnBn ≼ g(n, |R|)ρdF

Rn ⊗ IBn

}
(201)

= sup
ΛRnBn

{
g(n, |R|)Tr

[
ΛRnBn · (JN )⊗n

RB

] ∣∣∣ ΛBn = 1
g(n,|R|)M IBn , 0 ≼ ΛRnBn ≼ ρdF

Rn ⊗ IBn

}
(202)

= g(n, |R|) · SuccNS(N⊗n, g(n, |R|)M, ρdF) (203)
≤ g(n, |R|) · sup

ρRn ∈S(Rn)
SuccNS(N⊗n, g(n, |R|)M, ρ) (204)

≤ g(n, |R|) · SuccNS(N⊗n, g(n, |R|)M). (205)

Hence, the non-signaling success probability SuccNS(N⊗n, M) is comparable to
SuccNS(N⊗n, M, ρdF):

1
g(n,|R|) SuccNS(N⊗n, M) ≤ 1

g(n,|R|) SuccNS(N⊗n, M
g(n,|R|)) (206)

≤ SuccNS(N⊗n, M, ρdF) ≤ SuccNS(N⊗n, M). (207)

In particular to round the NS success probability it suffices to consider ρR = ρdF
R in the

NS program (44) albeit with a rounding loss of 1
g(n,|R|) .

Application of the rounding protocol of Proposition 16. Note that the de
Finetti state can be written as [27, Lemma 1]:

ρdF
R1···Rn

=
⊕

λ∈Yn,|R|

pλ
Πλ

Tr [Πλ] , (208)

where Yn,|R| is the set of Young diagrams of size n and depth |R| that satisfies |Yn,|R|| ≤
(n + 1)|R|−1, {Πλ}λ∈Yn,|R| are orthogonal projectors and {pλ}λ∈Yn,|R| is a probability dis-
tribution. We can then apply Proposition 16 for N⊗n, M = enr, ρR = ρdF

R and v = |Yn,|R||
to obtain:

SuccEA(N⊗n, enr) (209)

≥ 1
2|Yn,|R|| log(2|Yn,|R||enre|Yn,|R|||A|n|Yn,|R|||B|n)

· SuccNS(N⊗n, enr, ρdF) (210)

≥ 1
2g(n, |A|)|Yn,|A|| log(2|Yn,|A||enre|Yn,|A|||A|n|Yn,|A|||B|n)

· SuccNS(N⊗n, enr), (211)

where we used (207) and R ≃ A in the last inequality. Note that using g(n, |A|) =
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(n+|A|2−1
n

)
≤ (n + 1)|A|2−1 and |Yn,|A|| ≤ (n + 1)|A|−1 we have

1
n

log
[
2g(n, |A|)|Yn,|A|| log

(
2|Yn,|A||enre|Yn,|A|||A|n|Yn,|A|||B|n

)]
(212)

≤ log 2
n

+ (|A|2 + |A| − 2) log(n + 1)
n

(213)

+ 1
n

log
[
log(2) + (|A| − 1) log(n + 1) + nr + (n + 1)|A| log(e|A|) + n log(|B|)

]
(214)

≤ log 2
n

+ (|A|2 + |A| − 2) log(n + 1)
n

+ 1
n

log[O((n + 1)|A|)] (215)

≤ log 2
n

+ (|A|2 + |A| − 2) log(n + 1)
n

+ O(|A|) log(n + 1)
n

−→
n→∞

0. (216)

Hence, we find

SuccNS(N⊗n, enr) ≥ SuccEA(N⊗n, enr) ≥ e−o(n) · SuccNS(N⊗n, enr). (217)

Finally, we get

EEA(N , r) = lim
n→∞

− 1
n

log SuccEA(N⊗n, enr) (218)

= lim
n→∞

− 1
n

log SuccNS(N⊗n, enr) = ENS(N , r). (219)

5 Conclusion
We explored entanglement-assisted quantum channel coding from an algorithmic point
of view. We developed approximation algorithms for the entanglement-assisted success
probability using non-signaling relaxation in the quantum-classical and in the quantum
setting. As an application, we provided an alternative proof for the characterization of
the entanglement-assisted strong converse exponent. The achievability proof proceeds by
connecting the entanglement-assisted (EA), non-signaling (NS), and meta-converse (MC)
strong converse exponents. The latter is then deduced from the inherent relation between
the meta-converse and composite hypothesis testing. While this technique worked effec-
tively for strong converse exponents, it remains unclear whether the EA, NS, and MC
error exponents are equal. Moreover, obtaining tight approximation bounds in the fully
quantum setting remains an open problem.
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A Dual formulation of the meta-converse
Proposition 19. Let N be a quantum channel. The optimal one-shot meta-converse
success probability satisfies:

SuccMC(N , M) = sup
ρR∈S(R)

inf
ZB≽0

Tr
[
(ρ1/2

R (JN )RBρ
1/2
R −MρR ⊗ ZB)+

]
+ Tr [ZB] (220)

= sup
ρR∈S(R)

sup
0≼O≼I

{
Tr
[
ρ

1/2
R (JN )RBρ

1/2
R ·O

] ∣∣∣∣∣ sup
σB∈S(B)

Tr [(ρR ⊗ σB)O] ≤ 1
M

}
(221)

= sup
ρR∈S(R)

inf
σB∈S(B)

sup
0≼O≼I

{
Tr
[
ρ

1/2
R (JN )RBρ

1/2
R ·O

] ∣∣∣ Tr [(ρR ⊗ σB)O] ≤ 1
M

}
.

(222)

Proof. The first equality was proven in [39, Proposition 6.1]. Let us prove (221). We have
that

SuccMC(N , M) = sup
ρR∈S(R)

inf
ZB≽0

Tr
[(

ρ
1/2
R (JN )RBρ

1/2
R −MρR ⊗ ZB

)
+

]
+ Tr [ZB] (223)

= sup
ρR∈S(R)

inf
ZB≽0

sup
0≼O≼I

Tr
[(

ρ
1/2
R (JN )RBρ

1/2
R −MρR ⊗ ZB

)
·O
]

+ Tr [ZB]

(224)

= sup
ρR∈S(R)

sup
0≼O≼I

inf
ZB≽0

Tr
[(

ρ
1/2
R (JN )RBρ

1/2
R −MρR ⊗ ZB

)
·O
]

+ Tr [ZB] ,

(225)

where we used Sion’s minimax theorem (see Lemma 20) in the last equality. By writing
ZB ≽ 0 as ZB = zσB where z = Tr [Z] ≥ 0 and σB ∈ S(B) we have

SuccMC(N , M) (226)

= sup
ρR∈S(R)

sup
0≼O≼I

inf
ZB≽0

Tr
[(

ρ
1/2
R (JN )RBρ

1/2
R −MρR ⊗ ZB

)
·O
]

+ Tr [ZB] (227)

= sup
ρR∈S(R)

sup
0≼O≼I

inf
z≽0

Tr
[
(ρ1/2

R (JN )RBρ
1/2
R ) ·O

]
+ z

(
1−M sup

σB∈S(B)
Tr [(ρR ⊗ σB) ·O]

)
(228)

= sup
ρR∈S(R)

sup
0≼O≼I

supσB∈S(B) Tr[(ρR⊗σB)·O]≤ 1
M

inf
z≽0

Tr
[
(ρ1/2

R (JN )RBρ
1/2
R ) ·O

]
(229)

+ z

(
1−M sup

σB∈S(B)
Tr [(ρR ⊗ σB) ·O]

)
(230)

= sup
ρR∈S(R)

sup
0≼O≼I

supσB∈S(B) Tr[(ρR⊗σB)·O]≤ 1
M

Tr
[
(ρ1/2

R (JN )RBρ
1/2
R ) ·O

]
. (231)
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The proof of (222) is similar:

SuccMC(N , M) (232)

= sup
ρR∈S(R)

sup
0≼O≼I

inf
σB∈S(B)

inf
z≽0

Tr
[
(ρ1/2

R (JN )RBρ
1/2
R ) ·O

]
+ z (1−MTr [(ρR ⊗ σB) ·O])

(233)

= sup
ρR∈S(R)

inf
σB∈S(B)

sup
0≼O≼I

Tr[(ρR⊗σB)·O]≤ 1
M

inf
z≽0

Tr
[
(ρ1/2

R (JN )RBρ
1/2
R ) ·O

]
(234)

+ z (1−MTr [(ρR ⊗ σB) ·O]) (235)

= sup
ρR∈S(R)

inf
σB∈S(B)

sup
0≼O≼I

Tr[(ρR⊗σB)·O]≤ 1
M

Tr
[
(ρ1/2

R (JN )RBρ
1/2
R ) ·O

]
. (236)

B Technical statements
Lemma 20 ([49]). Let X be a compact convex subset of a linear topological space and Y
a convex subset of a linear topological space. If f is a real-valued function on X × Y with

• f(x, ·) is upper semi-continuous and quasi-concave on Y , ∀x ∈ X, and

• f(·, y) is lower semi-continuous and quasi-convex on X, ∀y ∈ Y

then
min
x∈X

sup
y∈Y

f(x, y) = sup
y∈Y

min
x∈X

f(x, y). (237)

Lemma 21. Let n, M ∈ N and N be a quantum channel. The optimization in

SuccNS(N⊗n, M) (238)

= sup
ρRn ∈S(Rn)

sup
ΛRnBn

{
Tr
[
ΛRnBn · (JN )⊗n

RB

] ∣∣∣ ΛBn = 1
M IBn , 0 ≼ ΛRnBn ≼ ρRn ⊗ IBn

}
(239)

can be restricted to permutation invariant states ρRn.

Proof. Define the linear objective function f(ΛRB, ρR) = Tr [ΛRB · (JN )RB] and the set

C = {(ΛRB, ρR)|ΛB = 1
M IB, 0 ≼ ΛRB ≼ ρR ⊗ IB, ρR ∈ S(R)}.

C is a convex set, indeed take (ΛRB, ρR) ∈ C and (ΓRB, σR) ∈ C and λ ∈ [0, 1] we have
that

• (λΛ + (1− λ)Γ)B = λΛB + (1− λ)ΓB = λ 1
M IB + (1− λ) 1

M IB = 1
M IB,

• 0 ≼ λΛRB + (1− λ)ΓRB ≼ λρR ⊗ IB + (1− λ)σR ⊗ IB = (λρR + (1− λ)σR)⊗ IB,

• λρR + (1− λ)σR ∈ S(R)
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so λ(ΛRB, ρR) + (1− λ)(ΓRB, σR) ∈ C.
Let n ∈ N and π ∈ Sn. Let Uπ

Hn be the corresponding permutation unitary on H⊗n.
With n uses of the channel N , define fn(ΛRnBn , ρRn) = Tr

[
ΛRnBn · (JN )⊗n

RB

]
. We have

that

fn(Uπ
RnBnΛRnBn(Uπ

RnBn)†, Uπ
RnρRn(Uπ

Rn)†) = Tr
[
Uπ

RnBnΛRnBn(Uπ
RnBn)† · (JN )⊗n

RB

]
(240)

= Tr
[
ΛRnBn · (Uπ

RnBn)†(JN )⊗n
RBUπ

RnBn

]
(241)

= Tr
[
ΛRnBn · (JN )⊗n

RB

]
(242)

= fn(ΛRnBn , ρRn). (243)

Moreover (Uπ
RnBnΛRnBn(Uπ

RnBn)†, Uπ
RnρRn(Uπ

Rn)†) ∈ C as

• (Uπ
RnBnΛRnBn(Uπ

RnBn)†)Bn = Uπ
BnΛBn(Uπ

B)† = Uπ
Bn

1
M IBn(Uπ

B)† = 1
M IBn ,

• 0 ≼ Uπ
RnBnΛRnBn(Uπ

RnBn)† ≼ Uπ
RnUπ

Bn(ρRn ⊗ IBn)(Uπ
Rn)†(Uπ

Bn)† = Uπ
RnρRn(Uπ

Rn)† ⊗
IBn ,

• Uπ
RnρRn(Uπ

Rn)† ∈ S(R).

Hence, the function fn achieves its supremum over C at a permutation invariant pair
(ΛRnBn , ρRn).

C Converse result for the meta-converse strong converse
Here, we prove Proposition 11 which we restate.

Proposition (Restatement of Proposition 11). Let N be a quantum channel. For all
r ≥ 0, we have that

EMC(N , r) = lim
n→∞

− 1
n

log SuccMC(N⊗n, enr) ≥ sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
. (244)

Proof. From Proposition 19 we have that the meta-converse success probability satisfies:

SuccMC(N , M) = sup
ρR∈S(R)

inf
σB∈S(B)

sup
0≼O≼I

{
Tr
[
ρ

1/2
R (JN )RBρ

1/2
R ·O

] ∣∣∣ Tr [(ρR ⊗ σB)O] ≤ 1
M

}
.

(245)

Denote by ρRB = ρ
1/2
R (JN )RBρ

1/2
R . Let α ≥ 0 and 0 ≼ O ≼ I be an observable such that

Tr [(ρR ⊗ σB)O] ≤ 1
M . By the data processing property of the sandwiched Rényi diver-

gence applied with the measurement channel K(·) = Tr [(·)O] |0⟩⟨0|+ Tr [(·)(I−O)] |1⟩⟨1|:

D̃1+α(ρRB∥ρR ⊗ σB) ≥ D̃1+α(K(ρRB)∥K(ρR ⊗ σB)) (246)

≥ 1
α

log
(
Tr [ρRBO]1+α Tr [(ρR ⊗ σB)O]−α

)
(247)

≥ 1 + α

α
log(Tr [ρRBO]) + log(M), (248)

Accepted in Quantum 2025-10-01, click title to verify. Published under CC-BY 4.0. 35



where we used Tr [(ρR ⊗ σB)O] ≤ 1
M in the last inequality. Hence, for all α ≥ 0

SuccMC(N , M) (249)

= sup
ρR∈S(R)

inf
σB∈S(B)

sup
0≼O≼I

{
Tr
[
ρ

1/2
R (JN )RBρ

1/2
R ·O

] ∣∣∣ Tr [(ρR ⊗ σB)O] ≤ 1
M

}
(250)

≤ sup
ρR∈S(R)

inf
σB∈S(B)

exp
(
− α

1 + α

[
log(M)− D̃1+α

(
ρ

1/2
R (JN )RBρ

1/2
R

∥∥ρR ⊗ σB

)])
(251)

= exp
(
− α

1 + α

[
log(M)− Ĩ1+α (N )

])
. (252)

Therefore

SuccMC(N⊗n, enr) ≤ inf
α≥0

exp
(
− α

1 + α

[
nr − Ĩ1+α

(
N⊗n)]) (253)

= inf
α≥0

exp
(
−n

α

1 + α

[
r − Ĩ1+α (N )

])
, (254)

where we used the additivity of the sandwiched channel mutual information Ĩ1+α (N⊗n) =
nĨ1+α (N ) [22]. Finally

− 1
n

log SuccMC(N⊗n, enr) ≥ sup
α≥0

α

1 + α

(
r − Ĩ1+α(N )

)
(255)

and the proposition follows by taking n→∞.

D Matrix Chernoff inequality
The following theorem is part of [53, Theorem 5.1.1].

Theorem 22. Consider a finite sequence {Xk} of independent, random, Hermitian ma-
trices with common dimension d. Assume that

0 ≤ λmin(Xk) and λmax(Xk) ≤ L for each index k.

Introduce the random matrix
Y =

∑
k

Xk.

Define the maximum eigenvalue µmax of the expectation E [Y ]:

µmax = λmax(E [Y ]) = λmax

(∑
k

E [Xk]
)

.

Then

P [λmax(Y ) ≥ (1 + δ)µmax] ≤ d

[
eδ

(1 + δ)1+δ

]µmax/L

.
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