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The solution of linear systems of equations is
the basis of many other quantum algorithms,
and recent results provided an algorithm with
optimal scaling in both the condition number
x and the allowable error ¢ [PRX Quantum 3,
040303 (2022)]. That work was based on the
discrete adiabatic theorem, and worked out an
explicit constant factor for an upper bound on
the complexity. Here we show via numerical
testing on random matrices that the constant
factor is in practice about 1,200 times smaller
than the upper bound found numerically in
the previous results. That means that this ap-
proach is far more efficient than might naively
be expected from the upper bound. In partic-
ular, it is about an order of magnitude more ef-
ficient than using a randomised approach from
[arXiv:2305.11352] that claimed to be more ef-
ficient.

1 Introduction

Finding solutions to a system of linear equations is of
great importance in many areas of science and tech-
nology, and is the foundation for many quantum al-
gorithms. When we consider classical approaches for
solving linear system problems, we have in the best
cases a total number of steps proportional to the num-
ber of equations, which can make the solution pro-
hibitively costly when we have a large linear systems
problem. On the other hand, quantum computers al-
low us to deal with the linear systems problems in
these prohibitive regions by providing the output as
a quantum state. The first proposal for the quan-
tum linear system problem (QLSP) was given by Har-
row, Hassidim, and Lloyd (HHL) [1], which was sub-
sequently refined in later works [2, 3, 4, 5] with the
optimal approach provided by Costa et al. in [6].
The goal of the QLSP is to efficiently produce a
quantum state |z) proportional to the solution of
Az = b, where A € CV*N_ For simplicity we as-
sume N = 2" and ||A|| = 1, where || - || denotes the
spectral norm. The ground-breaking algorithm from
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HHL produces the state |z) with cost O(poly(n)x?/e),
where x = ||A||||A71]| is the condition number of A,
and € is the maximum allowable error. Despite the ex-
ponential improvement given by HHL over the clas-
sical results on the dimension of the problem, e.g.,
O(N+/klog(1/€)) achieved by the conjugate gradient
descent method, there was a plenty of scope to im-
prove on the other parameters in the complexity.

Quantum algorithms aim to provide complexity
polynomial in n, an exponential speedup over the clas-
sical methods. It is known [7] that the lower bound for
scaling of the complexity of quantum algorithms in
and € is Q(k log(1/€)) (see Section A for details). This
bound is in terms of calls to a block encoding for A,
and the gate complexity will have a factor correspond-
ing to the cost of block encoding A, usually taken to
be poly(n) for efficient block encodings. That shows
that the optimal scaling is linear in ¥ when aiming for
the exponential quantum speedup in n, as opposed to
the /k classical complexity. This lower bound on
the quantum complexity was achieved in [6], thereby
providing the asymptotically optimal quantum algo-
rithm.

The most significant improvements for the QLSP
after [1] are based on adiabatic quantum computing
(AQQC) [2, 8, 9], as opposed to the quantum phase
estimation and amplitude amplification approach of
HHL. Reference [6] is based upon AQC, but the main
new feature is a discrete formulation of the adiabatic
theorem, where the time evolution is based on the
quantum walk operator Wr(s); that enables the op-
timal complexity for the QLSP. We refer to that as
the quantum walk (QW) method. In addition to the
asymptotically scaling results for the QLSP in [6], the
authors also provided strict upper bounds, which can
be used to estimate the total number of quantum walk
steps for a given solution error e.

The upper bound derived for the discrete adiabatic
theorem (DAT) given in [6] results from a combina-
tion of several approximations from different opera-
tors. The approximations allow them to show that
the total number of walk steps grows linearly in k, i.e.,
T = ak/A for allowable error A when the parameters
of the QLSP are plugged in the DAT. However, due
to the loose upper bound from DAT, the value for «
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is very large. The constant factor o = 2305, given on
page 16 of [6], can be used only for a rough estimate
of the total number of quantum walk steps needed to
yield a desired error.

An earlier proposal for solving the QLSP is from
Ref. [9], which uses time evolution for randomised
times in order to emulate measurements for the quan-
tum Zeno effect. Here, we refer to that as the Ran-
domized method (RM). The complexity of that ap-
proach scales as O(klog(k/€)), so has an extra factor
of log k in the complexity over the QW method. A
later analysis in Ref. [10] showed a relatively tight
upper bound for the RM, and argued that it would
be faster in practice than the QW method due to the
smaller constant factor.

Here, we test the actual performance of the QW
method and RM by performing numerical simulation
of the solution with many samples of randomly gen-
erated matrices. Our numerical tests show that in
practice, the constant factor for the QW method is
« = 1.84, which is about 1,200 times smaller than
what is given in [6]. Moreover, our tests demonstrate
that the quantum walk method is, on average, ap-
proximately 7 times more efficient than the RM. This
results in an overall improvement of at least a factor
of 3 in total complexity, including the filtering step
for both methods, for realistic target errors ¢ of the
solution even without accounting for the additional
overhead associated with simulating time evolution.

The background of the discrete quantum walk and
Randomized method are presented in Section 2. De-
tails about the numerical tests for the quantum walk
and Randomized method are given in Section 3. In
Section 4, we discuss the cost of implementation of the
filtering method, which is applied after the walk steps,
to estimate the appropriate target precision for the
adiabatic evolution. We then conclude in Section 5.
In appendices we provide technical details about the
lower bound on the complexity, circuit construction
of the walk operators, and further numerical tests.

2 Background

In this section we summarise the background of how
the discrete quantum walk method and Randomized
method are performed. Readers who are familiar with
the background may wish to skip to the results in
Section 3.

2.1 Quantum walk method

We start this section by introducing the basic theory
of adiabatic quantum computation which is indepen-
dent of the application. In AQC, we have a time-
dependent system constructed from a linear interpo-
lation between two time-independent Hamiltonians as
follows

H{(s) = (1= f(s))Ho+ f(s)Hy, (1)

where the function f(s) : [0,1] — [0,1] is called the
schedule function. Normally we have an eigenpath
between these Hamiltonians where the starting eigen-
state of Hy is easy to prepare, and the final eigenstate
given by H; is the one that encodes the solution to
the problem that we are trying to determine.

For linear systems solvers, the final eigenstate given
by H(1) should encode the normalised solution for
a linear system. In other words, for A € CN*V
an invertible matrix with ||A|| = 1, and a nor-
malised vector |b) € CV the goal is to prepare a
normalised state |Z), which is an approximation of
lz) = A1) /|| A= |b) ||. For precision € of the ap-
proximation, we require || |Z) — |x) || <.

In the following subsections, we show how we
should encode both Hy and H; when our goal is to
use them for solving QLSP when A is a Hermitian
and positive-definite matrix, and also the case where
A does not have to be a Hermitian matrix. In both
cases, we also look at a family of scheduling functions
for the problem that slows down the evolution ac-
cording to the gap from the interpolated Hamiltonian
given by Eq. (1).

After we set up the time-dependent Hamiltonian in
both scenarios of A, we apply the method from [6] to
transform the Hamiltonian into a discrete quantum
walk, which is used as the evolution operator for the
discrete adiabatic evolution. This discrete quantum
walk is to obtain an approximate solution of the linear
system, then a filter is used to ensure that the solution
is obtained to high accuracy.

2.1.1 Positive definite and Hermitian matrix A

As explained in [6] we have |Z) as the state achieved
from the steps of the walk, and |z) would be obtained
from the ideal adiabatic evolution. Starting with the
simplest case, where A is Hermitian and positive def-
inite, one takes the Hamiltonians [2]

().

H, = <QS ’ Ag?b), (3)

where Qp = Iy — |b) (b]. The state |0,b) is an eigen-
state of Hy with eigenvalue 0, and one would aim for
this to evolve adiabatically to eigenstate |0, A’1b> of
H;.

Denoting the condition number of the matrix as x,
a lower bound for the gap of H(s) is [2]

Ao(s) =1—f(s) + f(s)/~ (4)

As explained in [2, 6] the goal is to provide a schedule
function that slows down the evolution as the gap
becomes small, according to the condition given in
(11]

and

f(s) = dpAg(s), (®)




where f(0) = 0, p > 0 and d, fo
a normalisation constant chosen so that f( )
According to [2] the following schedule function

Hfl [1_(1+3(HP—1_1))ﬁ],

u) du is
= 1.

f(s) = (6)
satisfies Eq. (5).

Distinct from the continuous version of the adia-
batic theorem, in the discrete version of the theorem,
we have to take into account the smallest gap be-
tween the different groups of eigenvalues of W (s) for
s,8+1/T, and s+ 2/T, which are given by
Ar(s)=1—f(s+k/T)+ f(s+k/T)/k, k=0,1,2.

(7)
The methods for block encoding the walk operator are
explained in Appendix B.

2.1.2 Non-Hermitian matrix A

To address the case where A is not positive definite
or Hermitian, we pay an extra space cost by doubling
its dimension to transform it into a Hermitian matrix
before solving it in the quantum algorithm, i.e.,

_ {0 A
A (5 4

As described in Ref. [2] the Hamiltonian is then
constructed as

(8)

_ 0 A(f(s)Q
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where
A(f) = (1=flo.@In+fA = <(1fAJTc>I —(1f:4f)f)
(10)

and Qp = Ly —10,b) (0,b| as the projection for this
Hamiltonian formulation. As discussed in [6] it is
equivalent to taking H(s) = (1 — f(s))Ho + f(s)H
with

Hy=0,®|[(0.®IN)Qp] +0_ @ [Qplo. @ Iy)]
H1 :O'+®[AQb]+U— ® [QbA]v (11)

where o =|1) (0], o— =10) (1].

As in the positive-definite case, the schedule func-
tion can be determined from gap via the differential
equation (5). In this case the gap is lower bounded
as /(1 — f(s))2 + (f(s)/x)? so there is not a closed-
form solution of Eq. (5).

Instead, one can use the relation that for 0 < f(s) <

1

V= f(9))2+ (f(s)/R)? = (L= f(5) + [(5)/K)/ V2.
(12)
As a result of using this formula, and the way we
use the rotation operator R(s), we can use the same
schedule function when A is not positive definite.

2.2 Randomized method

A randomised QLSP algorithm inspired by AQC was
first proposed in Ref. [9] and further improved in re-
cent work [10]. The method uses the same Hy, H,
and the same input state as the adiabatic quantum
walk method, in order to approximate the desired
eigenstate of H; with zero eigenvalue encoding the
solution.

Let H(v) = (1—f(v))Ho+f(v)H; be the interpolat-
ing time-dependent Hamiltonian. Here we change the
notation of the dimensionless time from s to v to avoid
possible confusion, as in the Randomized method v
does not range from 0 to 1. Specifically, let

—K? exp (—U%) + exp (v%) + 2K2
f(0) = i |
(13)
and
Vg = \/L log(/f\/l—i-i/q2 — 52>’ (14)
vp = \/L (m+ 1) (15)

Such a choice ensures that f(v,) = 0 and f(v) = 1.
The Randomized method then implements the oper-

ation

e—itqH(’L)q) . 6—it2H(U2)e—it1H(U1)

(16)

on the input state. Here v; = v, + j(vp — v4)/q, and
t; are independent random variables.

In the original work [9], ¢; was chosen to be uni-
formly distributed in [0, 27/A(v;)]. Recent work [10]
suggests to choose t; according to the probability den-
sity function

pi(0) o (BLRCH2Y

AP oyt 1

where J, is a Bessel function of first kind and p =
1.165. It has the average time (|¢;|) = 2.32132/A(v,).
We remark that the way of constructing the optimal
probability distribution has been proposed in [12]. It
uses

p;(t) = \/%Zal/ cos(ztA(v;)/2)(1 — 2?)2? dx

>0 7
(18)
where the coefficients a; can be numerically computed
by minimising (|¢;|). This optimal choice gives (|t;]) =
2.3160/A(v;), which is slightly better than Eq. (17).
The corresponding probability distributions (Eq. (17)
and Eq. (18)) are almost the same (see Fig. 1 for a
comparison), so in this work we still use Eq. (17).
Applying Eq. (16) to the input state produces the
final state. It is shown in [10] that, in order to achieve
1 — § fidelity, it suffices to choose ¢ such that

(1—(7”’;;’“)2)(1>1—5. (19)
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Figure 1: A comparison between two probability distribution
functions used in the Randomized method. Here the legend
“JLPSS” refers to the one in [10] and “Optimal” to the one
in [12]. The gap A(v;) is chosen to be 0.5 in this test.

Asymptotically ¢ ~ (vp — v4)?/5 ~ (logk)?/5. In
practice, § can be chosen to be O(1), and the state
produced by the Randomized method will be passed
into the filter to improve its fidelity.

To implement the randomised evolution operator
in Eq. (16), Ref. [10] uses quantum signal process-
ing (QSP) together with the Jacobi-Anger expansion.
The cost of implementing an exponential e ~*H(?) ig
given as

3 (e [t]/2 + log(2¢/7)) (20)

queries to the block encoding of H(v), with ¢ =
1.47762 and v the allowed error in each exponential.
Therefore the overall number of queries to the block
encoding of H(v) becomes

ey

3
2

> It + qlog(2¢/7) | - (21)

j=1

That complexity analysis gives a non-asymptotic ex-
pression suitable for small times. In contrast, Ref. [13]
gives an asymptotic analysis of the cost of implement-
ing """ () (with the same algorithm) to give the
leading-order terms

2apt] + 3% (anlt])/*(log(1/7))**  (22)

for the number of queries to the block encoding of
H(v). The constant factor on ag|t| is only 2 here,
which is better than the factor 3e/2 in the bound
of Eq. (20). Recent work [14] removes a factor of 2
in the cost of quantum signal processing for Hamil-
tonian simulation. That would remove a factor of 2
from both complexity estimates. The leading-order
term for the analysis of Ref. [13] would then be ag|¢|.
Therefore, with ay = 1 the number of calls to the
block encoding of H (v) should be approximately (and
no less than) |¢|. It is therefore reasonable to compare

the total time in the Randomized method with the
number of steps in the quantum walk approach.

3  Numerical Tests

Our main results are given in Fig. 2, which includes
the case where the matrix is A positive definite (PD)
and Hermitian as well as the case where A is a gen-
eral non-Hermitian matrix. For the comparison we
are quantifying the complexity for the discrete walk
approach by the number of calls to the block encoding
of A, whereas for the Randomized method we mea-
sure the cost by the total evolution time. As discussed
above, the total evolution time for the Randomized
method enables us to lower bound the complexity in
terms of block encodings, and thereby show that it is
more costly than the discrete walk approach.

In Fig. 2 we can see an average complexity about
7 times worse for the randomised method than the
QW method. This is comparing the number of calls
to a block encoding of A for the QW to a Hamiltonian
evolution time for the RM. In practice the simulation
of the Hamiltonian evolution will incur extra over-
head, so the advantage of the QW method will be
even greater.

Moreover, we consider an improved probability dis-
tribution for the RM from Ref. [12], so the perfor-
mance of the RM as simulated is better than that
presented in Ref. [10]. We also stress that the quan-
tum walk performance is not only better on average
over the thousands of tested instances of problems,
but also for each instance tested. With our results,
we can avoid future misunderstanding of the perfor-
mance of the method of Ref. [6].

In both methods for solving the QLSP, we tested
the cases where the matrices A € R6X16 are positive
definite and non-Hermitian. As shown in Fig. 2, we
consider matrices with a range of condition numbers
x = 10,20, 30, 40, 50, where for each condition num-
ber we generate 100 independent samples. We also
consider matrices with lower dimensions in Section C.

The plots show the geometric mean of the complex-
ity over the 100 instances for each condition number
considered. We also included the error bars, with both
the interquartile range and the complete data range.
The large size of the error bars results in part from
the large value used as the threshold for the target er-
ror in the QLSP. In particular, for the quantum walk,
the principle is that we start with a small value for
the total number of steps. We then check the error
between the actual and the ideal state. If it is above
the target error, we keep increasing the total number
of steps until we reach this error. However, the er-
ror between the ideal and the target state can vary
rapidly with a small increment in the total number of
steps, when we are not in the adiabatic regime. Con-
sequently, we can have large variation in complexity
between different instances of the matrices.
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Figure 2: Comparison between the quantum walk method
and the Randomized method. The complexity is quantified
by the number of calls to the block encoding of the matrix
for the quantum walk case and by the total evolution time
for the Randomized approach until we get the 2-norm error,
A = 0.4 in the QW method and the infidelity error § =
0.4 in for the Randomized method. The complexities are
computed by the geometric mean of the 100 instances of
16-dimensional matrices (solid line), and the box plots show
their distributions. Part (a): positive-definite case. Part (b):
general non-Hermitian case.

3.1 Quantum Walk method

We start testing the AQC in the discrete framework
for solving QLSPs. For the positive-definite case the
quantum circuit to construct the qubitised walk is
shown in Fig. 7 of Section B. The results for dimension
16 x 16 are given in the first plot of Fig. 2, and more
detail and other matrix sizes are given in Section C.
The results are given for 100 independent random ma-
trices for each condition number. We computed the
norm of the difference between the ideal and the ac-
tual state, aiming for || |Z) —|z) || < A with A = 0.4 as
the target error. The complete QLSP algorithm uses
an adiabatic component followed by filtering, both for
the QW method and RM, and we denote the error for
the adiabatic part of the algorithm as A to distinguish
it from the final error € obtained after filtering. We use
the schedule function as in Ref. [6] with p = 1.4 (see
Section 2.1). In the first plot of Fig. 2 (see also Fig. 9
for more details and other dimensions) we observe a
roughly linear growth of walk steps in condition num-
ber, as theoretically proven in [6].

In the second plot of Fig. 2, given with further
details in Fig. 10, we present the results for non-
Hermitian matrices. See Section B for explanation
of the block encoding of the qubitised walk and the
source code to generate these results is accessible at
[15]. Similarly to the PD case, we generate 100 inde-
pendent random matrices for each condition number.
In the non-Hermitian case, we again see the approx-
imately linear growth of the walk steps in condition
number.

We also provide results in Table 1 for non-
Hermitian matrices, where rather than slowly increas-
ing the total number of steps until we obtain the de-
sired threshold, we use the same number of total steps
for all instances. The total number is chosen to obtain
root-mean-square (RMS) error (for 100 instances) as
close as possible to A = 0.4 but never higher. We
also include a table for PD matrices in Section C.
From the results in Table 1, we can infer the constant
factor o in T = ax/A which we will find in prac-
tice for the QLSP. In particular, for k = 50, we find
«a = 1.84, which gives a constant factor about 1,250
smaller than what is presented in Ref. [6].

In addition to the randomly tested matrices without
a specific application, we included two matrices from
the collection presented in [16], which provides a va-
riety of sparse matrices used for benchmarking across
different applications. The results for these practical
cases are reported in Table 2.

3.2 Randomized method

In the Randomized method, we measure the cost by
the total time, defined as Z?zl |t;], to achieve desired
accuracy. Hamiltonian evolution may be simulated
using calls to block encodings of the Hamiltonian via
quantum signal processing. With ||H| = 1, the sim-
ulation via the most efficient known scheme requires
at least as many calls to the Hamiltonian as the time
[14], though the cost can be larger (as a ratio to time)
for shorter simulation times, as analysed in Ref. [10].
It is therefore reasonable to compare the total time
here to the number of walk steps; it enables us to
lower bound the true cost of the RM, to show that it
is more costly than the QW. See Section 2.2 for more
details, and the source code to generate these results
are accessible at [17].

In our tests, we record the averaged minimal total
time to reduce the RMS error below 0.4 over the 100
independent samples for each dimension and condi-
tion number, with the same sample matrices as for
the QW method. For each sample we perform 200
repetitions with new randomly selected times. Such a
choice of RMS error is comparable to the error thresh-
old in the QW tests. We remark that the actual nu-
merical RMS error is slightly smaller than 0.4, since
in the Randomized method only the number of ex-
ponentials ¢ is tunable and the resulting errors are




. Quantum Walk Randomized Method Ratio
Number of Steps A Averaged Time A

10 36 0.348 281 0.395 | 7.81

20 76 0.381 604 0.397 | 7.95

30 120 0.400 963 0.398 | 8.03

40 176 0.399 1330 0.397 | 7.56

50 232 0.397 1722 0.399 | 7.42

Table 1: Comparison between the Quantum Walk and Randomized Methods for a range of condition numbers applied to
non-Hermitian matrices of dimension 16 x 16. For the discrete adiabatic method, the RMS error, measured as the norm of
the difference in quantum states, is computed over 100 instances for each condition number. For the randomized method,
the average evolution time required to achieve an average error A of approximately 0.4 is reported. The RMS error is also
computed over 100 instances, with 200 repetitions per instance. The Ratio column shows the factor of improvement of the

QW over RM.
Matrix . Quantum Walk Randomized Method Ratio
Number of Steps A Averaged Time A
Directed Graph — ID=168 4.041 x 102 2.416 x 103 0.398 2.315 x 10* 0.406 | 9.58
Circuit Simulation Problem — ID=1199 | 6.302 x 10° 3.980 x 104 0.399 1.817 x 107 0.402 457

Table 2: Performance comparison between the Quantum Walk and RM for two non-Hermitian matrices of dimension 32 x 32
from [16]. For each matrix, we report its application, ID, condition number, and performance metrics including number of
steps and error for QW, and averaged time and error for RM. The Ratio column shows the factor of improvement of the QW

over RM.

changing discontinuously. As an illustration, results
for 16-dimensional non-Hermitian matrices are shown
in Table 4, and more results in PD cases can be found
in Section C.

From Fig. 2, which can be seen with further details
in Figs. 11 and 12, we observe roughly linear growth of
time in condition number, as theoretically proven. We
also observe that the total time for the non-Hermitian
case is about 6.4 times larger than that for the PD
case. In both PD and non-Hermitian cases, the over-
all complexity of the RM is significantly higher than
that of the QW method. Because we are compar-
ing evolution time for the RM to the number of steps
for the QW, the advantage will be even greater when
the complexity of implementing the time evolution is
taken into account.

Same as the QW method, we also perform a numer-
ical test of RM using the same two practical matrices
from [16]. The results are reported in Table 2 and
show that RM can be 9.2 times worse than QW in
the directed graph example, and 4.0 times worse in
the circuit simulation problem.

4 Cost with filter

Typically, we would aim to perform the discrete adi-
abatic algorithm followed by a filtering step to ensure
the correct eigenvalue has been obtained; this filter-
ing procedure is a common step in both the discrete
adiabatic and randomized methods, and incurs simi-
lar cost in each case. First assume that the adiabatic

algorithm gives an infidelity error §, in the sense that
the probability of measuring the correct eigenstate is
1 — 4. The relation between A (2-norm error) and
infidelity error 6 is § = A2 — A*/4. Then if we were
to perform filtering as described in [6] (see Eq. (113)
of that work), the complexity of the filter would be
kIn(2/er), with €; the parameter for the filter. In
that work it is shown that the 2-norm error at the
end is upper bounded by ¢; (for § > 1/2), and €7 is
also the maximum probability for failure (accepting
an incorrect state as correct).

If the state fails the filtering step, then the adiabatic
algorithm and filter are repeated. It should also be
taken into account that the error probability will be
increased if there are multiple failures and filters. The
set of possible outcomes is as follows.

1. With probability 1 — § the correct state is ob-
tained the first time, which then passes the fil-
tering test.

2. With probability § there is an incorrect state.
With probability no greater than 56? this state
will be accepted regardless, and otherwise it will
be flagged as a failure. The probability of this
occurring is at least (1 — €7).

3. To upper bound the probability of error we
should take the probability of performing the pro-
cedure a second time as 0 (1—6?). The probability
of incorrectly accepting the wrong state is then
upper bounded as 5%?(1 - efc)

In general, the probability of flagging a failure and




repeating the measurement n times is [6(1 — e?)]”
For the average number of repetitions, it will be, in
this worst-case scenario for error,

oo

S+ 1B — ) = M

n=0

(23)

For the costing, we need to bear in mind that for the
cases where the filter fails the LCU approach will on
average flag a failure after half the maximum number
of operations. This means that the cost of the filter
can be given as

f

) 1
_ iﬁln(Z/ﬁf) <[1_5(1_6§)]2 + 1)

If the number of steps in the adiabatic algorithm to
obtain error A is ax/A, then the cost of the adiabatic
repetitions is

kIn(2/efr) + %Hln(z/ef) ({1_5(11_62)]2 N 1)

(24)
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for a total complexity

ak

1 1
§H1H(2/€f) ([1—(5(1—6?)]2 + 1>+A[1 — 5(1 — 6?)]2 .

(26)
Here we can use § = A2—A%/4or A = /2 —-2/1—-46
to give the expression in terms of a single variable (6
or A). The value of & factors out, and given « one can
optimise § or A for a given € to minimise the cost.
In the case where the cost scales with 1/6 instead of
1/A, then the expression for the total complexity is
changed slightly to

Bk

1 1
§H1H(2/6f) ([1(5(16?)]2 + 1>+5[15(1€?¢>]2

(27)
where we are using (3 for the constant factor, and a
similar minimisation is possible. It is important to
stress that, although the filtering step is in common
between the methods, its cost depends on A. Because
the different methods have different optimal values of
A, the cost of the filtering step is different between
the methods.

A further adjustment to the complexity can be
made by noting that €; here is just an upper bound
on the 2-norm error €. As per Eq. (J3) of [6], the
fidelity in the filtered state can be lower bounded as

f= 1 —16 +55 2
€

2 — 2¢/f, so solving

(28)

Then the 2-norm error is € =
for € gives

V=31 - /4
(1-e2V5

€f =€ (29)

)

We are using the notation €y for the parameter used
in the filter, and e for the final allowable error. We
can use this expression for €; in Eq. (26) or Eq. (27)
to give a slightly tighter bound for the complexity.

The results for numerically solving for the optimal
A are shown in Fig. 3 for a range of values of a. For
typical values of «, optimal values of A are around
0.4. When « is reduced to 0.17 (as for the PD case
for the quantum walk), the optimal A is around 0.15.
For the Randomized method with cost scaling as 3/
instead, the optimal values of  are around 0.5. In the
preceding section, we have used the same A for the
different methods despite the different optimal values
to give a fair comparison of the approaches.

A
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Figure 3: The values of A as a function of € that minimise
the cost. The results are for & = 0.17 (green) and a = 2
(blue) using the cost in Eq. (26). Results using Eq. (27) are
shown for 8 = 0.8 (red) and 8 = 5.3 (orange).

In this result it is assumed that the scaling holds
exactly, even for larger values of A. In reality, this
scaling only holds in the asymptotic limit of small A,
and determining the scaling constant with larger val-
ues of A can give larger values. In Table 3 we show
the results for each case calculated with a range of
values of A. In the case of the QW with general ma-
trices, the performance is notably better for smaller
values of A, and we estimate o = 1.84, 1.66 and 1.37,
for A =~ 0.4, 0.3 and 0.2, respectively. To more accu-
rately estimate the optimal values of A, in each case
we have used the results for three values of A (those
shown in Table 3) to interpolate the scaling constants
« and B as functions of A.

The resulting optimal values of A are shown in
Fig. 4. In the case of the QW with general matri-
ces, the predicted optimal values of A are reduced by
about 0.1 as compared to those in Fig. 3. There are
more minor differences in the other cases. The value
A = 0.4 used in Section 3 is in the middle of the range
for the optimal values, which is the reason it was cho-
sen as a common value for the numerical comparisons
above.

The division of the costs between the adiabatic and
filtering steps is shown in Fig. 5 for the interpolated
values of « for the PD case using the quantum walk.




Target A

Case
0.1 0.2 0.3 0.4 0.5 0.6
QW, positive | 108 (0.0971) | 56 (0.1990) 32 (0.2821)
QW, general 344 (0.1986) | 288 (0.2878) | 232 (0.3967)
RM, positive 421 (0.3012) | 271 (0.3916) 195 (0.4959)
RM, general 1722 (0.3991) | 1100 (0.4987) | 771 (0.5989)

Table 3: The number of steps or averaged time for a range of values of A that are used for the interpolation. We show both
the QW and RM, both for positive definite and general matrices, with 16 x 16 matrices and x = 50 for all. The values in

brackets are the actual values of A obtained.

A
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RM, general
05" .
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Figure 4: The values of A as a function of € that minimise
the cost. We include results assuming various values of «,
as well as with interpolation of the value of « as a function
of A.

The contribution to the cost from the adiabatic part of
the algorithm is relatively independent of ¢, whereas
the filtering has a clear In(1/¢) dependence as would
be expected. For values of € above about 0.0004, the
majority of the contribution to the cost is from the
adiabatic part of the algorithm. For smaller values of
€ the cost of the filtering step is larger, but these are
smaller values of € than would be expected in applica-
tions. Because QLSP outputs the solution encoded in
a quantum state, classical results can only be obtained
from sampling. It would require millions of samples
to provide an accuracy better than 0.0004, and there
would not be an advantage to solving the QLSP to
significantly higher accuracy than the sampling.

The Randomized method with 3 interpolated is also
shown in Fig. 5. The adiabatic part of the algorithm is
significantly more costly than the filtering part for the
entire range of € shown. It takes unreasonably small
values of € below about 107!2 for the filtering to be
more costly. Both the adiabatic and filtering parts of
the algorithm are more costly than for the quantum
walk, with the adiabatic part being much more costly.
This means that the total cost (including both the
adiabatic component and filtering component) for the
randomised walk is substantially larger than for the
discrete adiabatic approach, as shown in Fig. 6.

cost

35}
300 RM, Adiabatic
-------- RM, Filtering
25}
QW, Adiabatic
200 .., aaaaa QW, Filtering
151
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0 ‘ ‘ ‘ ‘ e
10-6 1078 1074 0.001 0.010 0.100

Figure 5: The two contributions to the minimised costs as a
function of ¢ for the discrete adiabatic approach and for the
randomised walk. In both cases the scaling constant is fitted
as a function of A.

5 Conclusion

The optimal quantum linear systems algorithm of [6]
works by first applying a quantum walk to provide a
result with low accuracy, then filtering the resulting
state to improve the precision to the desired level.
The initial quantum walk has an upper bound on its
error with a large constant factor in [6] which would
suggest it is a costly algorithm despite having optimal
asymptotic complexity.

Here we have numerically tested this initial quan-
tum walk with random matrices and found that the
constant factor is about 1,200 times smaller. This
means that the algorithm will be highly efficient in
practice, with the cost of the quantum walk compara-
ble to the cost of the filtering. The cost of the quan-
tum walk is typically only a little larger than the cost
of the filtering, but in special cases, such as positive-
definite matrices or € < 1, its cost is even smaller,
as would be expected since the filtering step has the
factor of log(1/e€) in the complexity.

Reference [10] provided a tighter upper bound on
the complexity for an approach with randomised evo-
lution times for initial adiabatic evolution, followed by
a filtering step that is similar to [6]. In our numerical
testing of that approach, we find that it is about an
order of magnitude more costly in practice, despite
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Figure 6: The total costs as a function of ¢ for the discrete
adiabatic approach with « fitted as a function of A (blue)
and the randomised walk with 3 fitted as a function of §
(orange).

having a tighter analytic bound on the complexity,
where we have 1/A in the cost of the adiabatic part
vs 1/0 in the cost of the randomized method. It is
somewhat ambiguous to compare the complexity be-
cause it is in terms of an evolution time rather than
the number of steps of a quantum walk. The evo-
lution time is about 7 times the number of steps of
the quantum walk needed for the discrete adiabatic
approach, and in practice the cost to simulate that
Hamiltonian evolution would be even larger.
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A Lower bound

The Q(klog(1/e)) part of the lower bound from [7]
can be obtained via a minor modification of the proof
from HHL [1]. Adopting the notation of [1], in Eq. (4)
of that work a unitary U is constructed such that
for T+ 1 < ¢ < 2T, applying U® to |1) |¢) yields
[t+1) @ Up---U; |¢p) for some sequence of unitary
operators U;. Now define A =1 — Ue'/T so the con-
dition number k = O(T/log(1/¢€)) and we can expand

k=0

(30)

After applying A~! one would obtain t in the range
T + 1 to 2T with O(e) probability. Therefore, solv-
ing the linear system with precision ¢ provides an
unbounded-error algorithm for implementing T steps
Up...U;.

It is straightforward to choose the operations Uj
so that implementing them in succession gives the
parity of T bits, and each corresponds to a single
query to these bits. An unbounded-error algorithm
for determining the parity of T' bits requires (T
queries [18, 19]. That means there must be a lower
bound Q(T") for the number of queries to the opera-
tors U;. Now A can be block encoded with a single
query to Uj, there is similarly a lower bound Q(T)
to the number of calls to the block encoding of A.
Since k = O(T'/ log(1/¢)), we have T' = Q(xlog(1/€)),
so the complexity of the linear systems algorithm is

Q(klog(1/e)).

B Block encoding
B.1 Positive definite A

Now we show how to block encoding H(s) from
Eq. (1), when we have Hy and H; given by Eq. (2)
and Eq. (3) respectively. The general principle for the
block encoding of our Hamiltonian is to block encode
both Hy and H;, and apply the following controlled
operation

SEL = [0) (0| ® Un, + |1) (1| ® U, , (31)
to select between Hy and H;. To give the linear com-
bination of Hy and H; we apply the one-qubit rotation
on the ancilla qubit

R(s) = L (1 —fs)  f(s)
\/(1 _ f(s))2 + f(s)? f(s) —(1=f(s))
(32)

In the following we describe the details of this imple-
mentation.

We denote the unitary for the block encoding of A
as U4, which acts on an ancilla denoted with subscript
a and the system such that

{0 UA10), = 4. (33)
We also denote the unitary oracle for preparing |b) as
Uy, such that

Uy [0) = [b) - (34)

As well as the ancilla system used for the block en-
coding of A, we use three ancilla qubits. These ancilla
qubits are used as follows.

1. The first selects between the blocks in Hy and
H,.

2. The next is used for preparing the combination
of HO and Hl.

3. The third is used in implementing Qp.

We use the subscripts ap, a1 and ag for these three
qubits. Note that although we have called a; an an-
cilla qubit, it part of the systam that the Hamiltonian
acts upon, not an ancilla used in the block encoding.
This means that we do not apply the reflection oper-
ator on that ancilla to construct the walk operator.

To make the block encoding H(s) simpler let us
rewrite Eq. (3) as

go_ [T 0) (o I\(fa 0\(I 0 (35)
"o @)\ o)\o a)\o @)
g (1 0) (o I\ (I 0\(I o (36)
Vo @) \r o/\o 1)\o @)
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This new way to express the Hamiltonians will then
facilitate the construction of the select operator since
the total Hamiltonian can be expressed as

I 0 0 I
H@%=Q QJ[G—f@D<IO>
w6 2)

For the first block matrix inside the bracket in the
equation above, we have

0 I .
(I O>_G“h®l’

where oy, indicates that we have the Pauli X operator
acting on the register a;. Now, for the other block
matrix which comes from H;, we have

A0
—I, @A,

where we have included I,,, to indicate that the oper-
ation acts as the identity on the first qubit. Moreover,
we have Uy as the unitary for the block encoding of A,
with ancilla qubit a. Thus when we combine Eq. (38)
and Eq. (39), the two block matrices for Hy, we have

(38)

(39)

(08 @Iy ®14) (Ia, @ Ua)

=10) (Af,, ® Ua +[1) (0], @ Ua. (40

However, the encoding above does not guarantee the
hermiticity of Hy, which can be fixed by the following
expression

10) (1], ® Ua +[1) (0], ® U}. (41)

Therefore, we have Eq. (41) as the block encoding of
the two middle operators of H; and 0g, @IN® 1, as
the block encoding of the two middle operators of Hy.
We can therefore select between Hy and H; using the
operator

Uagp) =10) (0], ® 05, @ In @ I,
+11) (1l,, @ (10) (1], ® Ua +[1) (O], ® U} ).
(42)
together with the operators involving @ in Eq. (37)

and rotation on the ancilla qubit a;. The operator
involving @, in Eq. (37) can be rewritten as

(g(;>=owm%®fw+umu%®Qb

=10) (0], ® In +[1) (1], © (In = [b) {b])
=10) (0], ® In

I % 1) (1],, ® (In + (In —21b) (b]))

=10) (0l,, ® In

n % (1, ® [IN + (IN — 20, |0) (0] UJ)] .
(43)

In the second equality, we have written the projection
in terms of a sum of the identity and a projector, and
in the last equality, we used the oracle for preparing
|b) as given in Eq. (34). We can block encode this
projector using the ancilla as. We simply need to
create this ancilla in an equal superposition and use
the following unitary operation

CUq, = (Iah ® Lo, ® UJ) { 10) (0],,, ® Lo, @ In
+10) (0l,, @ [10) {01, @ In + 1) (1],

®uN2man}@%®Lw®w».@®

To block encode H(s) as in Eq. (37), the block en-
coding above is applied before and after the select
operator Uyy).

We also need to perform the rotation R(s) in or-
der to interpolate between the Hamiltonians. The
interpolation operator can then act on the ancilla
qubit used in the select operator. However, instead
of applying the inverse of R(s), we simply perform a
Hadamard and to produce the right weights for the
Hamiltonians we need to apply the rotation operator
controlled by ancilla qubit a, as

CR(s) = 10) (0], ® R(s)a, +[1) (1], © Ha, (45)

where H denotes the Hadamard operation. This
means that our block encoding gives an extra factor of
1/4/2[(1 — f(s))% + f(s)2]. This prefactor is between
1/v/2 and 1, and will reduce the gap.

Then the complete circuit diagram can be given as
in Fig. 7. The walk operator Wr(s) can be completed
by a reflection about zero on all ancilla registers ex-
cept ap which is part of the target system for the
Hamiltonian.
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Figure 7: The block encoding of the Hamiltonian H(s),
where the target system is labeled as |¢), and aj as the
extra qubit used to construct the Hamiltonian for the QLSP.
The ancillas resulting from the block-encoded construction
of H(s) are labeled by a1, a2, and a (where a is the ancilla
needed in the block encoding of A). The dashed boxes show
CUgqy and Ua(y), whereas the dotted boxes show C'R(s)).

B.2 Non-Hermitian matrix A

For the general case, we briefly review what is given
in [6] for the ancilla qubits needed, since we enlarge
the space to address the non-Hermitian property of

A.

We have the ancilla qubit a for the block encoding
of A, as given for the PD case, and the remainder of
the ancilla qubits are used as follows.

1. The first selects between the blocks in A(f).

2. The next is used for preparing the combination
of 0, ® I and A.

3. The third is used in implementing Q.

4. The fourth selects between the blocks in H(s).

The first and fourth ancillas above are part of the
target system for the Hamiltonian H(s), and are de-
noted ap, and ap,, respectively. The second and third
qubits in the list above are denoted a; and as, respec-
tively. The circuit diagram for the block encoding for
the general case is presented in Fig. 8. See Ref. [6] for
its complete derivation.

an, ‘
ay R(s) {H] {H —
a {#] ‘ ‘ g
o [o"]
" i L
Ua Ul

Figure 8: The block encoding of the Hamiltonian H(s) for
the non-Hermitian case, where again the target system is
labeled as |¢), and the ancilla are labeled by an,, a1, az,
an, and a (where ap, and ap, are part of the system acted
upon by the Hamiltonian).

C Numerical Tests - Supporting Mate-
rial

C.1 QW method

In Fig. 9 (positive definite) and Fig. 10 (non-
Hermitian) we show the results from Fig. 2 for di-
mension 16 X 16 matrices, as well as results for 4 x 4
and 8 x 8 matrices. In these figures, we show the
results for the three dimensions in subfigures as well
and find that the dimension does not significantly al-
ter the complexity of the QLSP, as we expect from
theory.

The table for the PD for a fixed total number of
steps for all the 100 instances tested for each condition
number is included in Table 4. The worst relative
performance of the QW method compared to the RM
is for matrices with condition number equal to 10, but
the QW performance is still 13 times better.

Moreover, we observed a large amount of outlier
instances in the quantum walk for the non-Hermitian
matrices where the solution is obtained after a small
number of steps. This occurs due to the relatively
large allowed error A = 0.4 because when taking suf-
ficiently large number of samples, one can be suffi-
ciently close to the solution purely by chance. Such
outliers are expected when sampling randomly, espe-
cially at low step counts, and do not contradict the
broader trend that the discrete adiabatic solver con-
sistently requires fewer resources across all instances.

C.2 Randomized Method

In Fig. 11 (positive definite) and Fig. 12 (non-
Hermitian) we show results from Fig. 2 for dimension
16 x 16, and also dimension 4 x 4 and 8 X 8 matrices.
There is even less dependence of the complexity on the
dimension than for the QW method. The dimension
dependence in the complexity comes from the ma-
trix encoding, which does not influence the numerical
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Condition Number | Number of steps A
10 4 0.378
20 12 0.310
30 16 0.339
40 20 0.353
50 24 0.362

Table 4: Number of steps for average error A ~ 0.4 with
a range of condition numbers for PD matrices of dimension
16 x 16. The RMS of the error (as measured by the norm of
the difference in states), is computed over 100 instances for
each condition number considered.

analysis.

We also include the table (Table 5) that gives the
RMS for the target error for the PD matrices, when
for each condition number we fix the same averaged
time for all instances of matrices tested.

Condition Number | Averaged time A
10 37.2 0.379
20 88.1 0.395
30 144.5 0.396
40 202.7 0.398
50 270.9 0.392

Table 5: Average evolution time for average error A ~ 0.4
via RM with a range of condition numbers for PD matrices
of dimension 16 x 16. The RMS error is computed over
100 instances for each condition number considered and 200
repetitions per instance.

C.3 QW vs RM - scatter plots

In this section, we compare the performance between
the RM and the QW method of each instance tested
for A € R3*® for PD and Hermitian matrices in
Fig. 13 and non-Hermitian matrices in Fig. 14. The
vertical axis shows the number of walk steps of the in-
stances to obtain the desired solution error A = 0.4.
In the horizontal axis, we have the average minimal
time of the Randomized method to reduce the RMS
error below A = 0.4.

In the numerical results, there were no tested cases
where the Randomized method surpassed the QW
performance. This can be seen from the fact that the
complexity for all instances is below the dashed line
in Fig. 13 and Fig. 14. We even find that the QW still
wins if we compare different problem instances with
the same condition number. That is, the maximum
cost of the QW is below the minimum cost of the RM
(provided we select matrices of the same type, either
both PD or both non-Hermitian).

The same can be concluded from the cases of other
dimensions by looking at the error bars, since they do

not overlap.
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Figure 9: Numerical tests of the QW method with positive Figure 10: Numerical tests of the QW method with non-

definite matrices of dimension 4 x 4, 8 x 8, and 16 x 16. Hermitian matrices of dimension 4 x 4, 8 x 8, and 16 x 16.
The vertical axis shows the required total walk steps with The vertical axis shows the required total walk steps with
A = 0.4 as the threshold error. Part (a) shows the averaged A = 0.4 as the threshold error. Part (a) shows the averaged
results of 100 randomly generated instances, and parts (b) results of 100 randomly generated instances, and parts (b)
to (d) show the box plots. to (d) show the box plots.

14



300 — ; , : ,
—e—PD A€ RY!
——PD A c RS (a
250 [|—a—PD A € RI6x16 1
200 1 1
[}
£
T 150 1 1
(e}
2
100 1 1
50 1
ol— . . . .
10 20 30 40 50
Condition number
500 T T T T .
(b)
400 T
|
[} L 4
£ 300
8
2 200t |
100 - 1
ol— . . . .
10 20 30 40 50
Condition number
500 [— — , : ,
(c)
400 - 1
[} L 4
£ 300
8
2200+ 1
100 | ]
ol . . . .
10 20 30 40 50
Condition number
500 . . . . .
(d)
400 ¢ ]
T
[} L 4
£ 300
=
2 200t |
100 1 1
ol— . . . .

10 30 50

Condition number

Figure 11: Numerical tests of the Randomized method with
positive definite matrices of dimension 4 x 4, 8 x 8, and
16 x 16. The vertical axis shows the required total time
(defined as 23:1 |t;]) to reduce the RMS below 0.4. Part
(a) shows the averaged results of 100 randomly generated
instances, and parts (b) to (d) show the box plots.
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Figure 12: Numerical tests of the Randomized method with
non-Hermitian matrices of dimension 4 x4, 8 x8, and 16 x 16.
The vertical axis shows the required total time (defined as

?_1 [t]) to reduce the RMS below 0.4. Part (a) shows
the averaged results of 100 randomly generated instances,
and parts (b) to (d) show the box plots.
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Figure 13: Scatter plots for the positive definite instances
used in testing QW and RM. In the vertical axis, we have
the complexity (number of walk steps) for the quantum walk
method, and in the horizontal axis the complexity (evolution
time) for the Randomized method.
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Figure 14: Scatter plots for the non-Hermitian instances used
in testing QW and RM. The vertical axis is the complexity
(number of walk steps) for the quantum walk method, and
the horizontal axis is the complexity (evolution time) for the
Randomized method.
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