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We consider estimation of unknown uni-
tary operation when the set of possible
unitary operations is given by a projec-
tive unitary representation of a compact
group. We show that neither indefinite
causal order strategy nor adaptive strat-
egy improves the performance of this esti-
mation when error function satisfies group
That is, the optimal paral-
lel strategy gives the optimal performance
even under indefinite causal order strategy
and adaptive strategy. To study this prob-
lem, we newly introduce the concept of
generalized positive operator valued mea-
sure (GPOVM), and its convariance con-
dition. Using these concepts, we show the
above statement.

covariance.

1 Introduction

Recently, indefinite causal order strategies and
adaptive strategies have attracted significant at-
tention in quantum information theory [1]. The
papers [2, 3, 4, 5, 6, 7, 8] investigated the
advantages of adaptive strategies for quantum
channel discrimination without considering the
asymptotic regime. Similarly, the paper [9] ex-
plored these advantages using indefinite causal
order strategies. However, in the asymptotic set-
ting, the benefit of adaptive strategies becomes
less straightforward. The works [10, 11, 12]
demonstrated that adaptive strategies provide
no improvement for the asymmetric scenario of
quantum channel discrimination, specifically the
Stein-type bound, which extends the classical re-
sult from [13] to the quantum domain. Addition-
ally, the paper [14] showed that adaptive strate-
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gies do not enhance discrimination performance
in the symmetric setting for classical-quantum
channels, where the input is classical and the
output is quantum, also as an extension of [13].
However, the papers [4, 14, 15, 16] established
that adaptive strategies do offer an advantage in
the symmetric setting for fully quantum channel
discrimination, where both the input and out-
put systems are quantum. In contrast, the paper
[16] showed that indefinite causal order strategies
cannot outperform parallel strategies for unitary
discrimination under the uniform prior distribu-
tion when the possible unitaries forms a finite

group.

A more practical scenario in this context is
channel estimation. In studies using paral-
lel strategies, quantum Fisher information and
Cramér-Rao-type bounds simplify the problem
to optimizing these quantities based on input
state choice, a topic covered extensively in [17,
18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28]. Re-
cently, the papers [29, 30, 31, 32, 33] examined
the advantages of adaptive and indefinite causal
order strategies in terms of Fisher information.
In particular, the paper [32] showed that the
super-Heisenberg scaling can be achieved under
indefinite causal order strategies. However, it
is well-known that Fisher information does not
fully describe the asymptotic behavior of esti-
mation errors under Heisenberg scaling. To cap-
ture this behavior, the direct evaluation of esti-
mation errors, bypassing Fisher information and
Cramér-Rao-type bounds, is necessary. When
the set of unknown unitaries forms a (projec-
tive) unitary representation of a group, group
representation theory provides a powerful ap-
proach [34, 35, 36, 37, 38, 39, 40, 41, 42]. This
method yields optimal performance without re-
quiring asymptotic approximations. Although
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it predicts Heisenberg scaling, the optimal co-
efficient obtained differs from that predicted by
Cramér-Rao methods [40, 19, 43, 44, 45]. Re-
cently, [46] highlighted this discrepancy from
the perspective of mutual information, under-
scoring the limited applicability of Cramér-Rao
approaches under Heisenberg scaling. In fact,
the paper [3] showed no advantages of adaptive
strategies for quantum channel estimation under
the covariant setting, but their analysis is lim-
ited to the case when the channel fidelity [47]
is adopted for the estimation precision. General
covariant error function was not studied in this
scenario. Further, no existing paper studied this
problem for indefinite causal order strategies.

This paper focuses on unitary operation es-
timation in a general setting, where the model
forms a projective unitary representation of a
group GG. We address this problem within a com-
prehensive framework that includes all indefinite
causal order strategies [1]. Surprisingly, even un-
der this broad framework, the conventional paral-
lel strategy remains optimal when the error func-
tion satisfies a covariance condition. In other
words, the optimal performance achievable by
any strategy is also attainable using a parallel
strategy.

Our approach is as follows. We define
a generalized positive operator-valued measure
(GPOVM) for unitary operations associated with
a projective unitary representation. Extending
the concept of group covariant measurements
from [48] and [49, Chapter 4] to GPOVMs, we
develop a GPOVM version of the quantum Hunt-
Stein theorem [48], [49, Theorem 4.3.1]. This the-
orem establishes that the optimal performance
is achieved by a covariant GPOVM. Finally, we
demonstrate that this performance is attainable
using a parallel strategy with a detailed symmet-
ric structure as described in [41]. In our analysis,
we show that the action of any covariant GPOVM
can be simulated using a parallel strategy. This
simulation is configured as a covariant measure-
ment in a standard form, utilizing the input state
in accordance with the given covariant GPOVM.

The remainder of this paper is structured
as follows. Section 2 formulates our problem,
encompassing both indefinite causal order and
adaptive strategies [1, 29]. Section 3 provides
a detailed analysis of the problem’s structure.
Section 4 demonstrates that the optimal perfor-

mance under the framework described in Section
2 can be achieved using a parallel strategy.

2 Formulation

Given a compact group G with Haar measure p,
we consider n projective representations f; on
the quantum system #; for j = 1,...,n. We
are allowed to employ various strategies includ-
ing adaptive strategy and indefinite causal order
strategy. To describe our general strategies, we
describe each channel, i.e., each unitary action
by d; times of its Choi representation, where d;
is the dimension of the j-th system ;. We de-
seribe the unitary f;(g) by |£;(9))) (f;(9)]. Here,
given a matrix A = 3=, 1/ ag p k) (K’ on the space
H' spanned by {|k)}, the vector |A)) € H' @ H’
is defined as

‘A>> = Zak,k/|k,k’>. (1)

kK’

In this case, we denote the input and output
systems by H,;; and H; o, respectively. For ex-
ample, when H = H; & Ha, we have

13)) = [T34,)) @ [T315))- (2)
When H = H1 ® Ho, we have
3)) = [13,)) @ [I3,))- (3)

Now, the whole system is (®)_;H;7) @
(®}7‘:1’Hj,0), the group G acts only on the output
system H := (®§L:17-[j,o), and the input system
K := (®7_H;r) can be considered as multiplic-
ity space. We denote the dimension of H by d.
So, dim K = d. The application of g on H is writ-
ten as f(g) = ®]_, fj(g) and its state is written
as |f(g))((f(g)]. The average with respect to
the Haar measure p is

P 1= /G FONF@luldg). ()

Our strategy is written as a set of measurement
operators {Mk}, where a measurement operator
M;, is given as a positive semi-definite operator
on L®H. Since the full probability needs to sum
to 1 for any element g € G, the set of measure-
ment operators { My} needs to satisfy the condi-
tion

Tr(%:Mk>pM:1. (5)
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In fact, indefinite causal order strategy and adap-
tive strategy satisfy the condition (5) even when
n is larger than 2. This is because the full proba-
bility needs to be 1 when the channel is prepared
as the average of f(g). Therefore, it is natural to
impose the condition (5) to possible strategies.

Here, in order to write down these conditions in
a general way, using a linear function F' from the
set of Hermitian matrices on K4 ® Kp to a linear
space V and an element C' € V, we consider a
general linear condition

F(YM,) =C. (6)

For example, the condition for adaptive strategies
is given in [29, Algorithm 1], [1, Section III-B] as

Tr(>  M,) = dimKp (7)
TY(Ak+1),(A) (Bt 1), (Ba) (O M)

=I5 1) Tr (4 k1), (A (B ) (Bt 1), (Ba) (O M)

x

(8)
for k = 1,...,n. That is, while a POVM M =
{M,}, satisfies the condition Y, M, = I, our
measurement satisfies the condition (6). We call
this measurement a generalized positive valued

measure (GPOVM) with the condition (6).
In contrast, the paper [16, Section III-C] gives
the condition for an indefinite causal order strat-

egy as
Tr() M) (C1®Co®---®@Cy) =1 (9)

for any n Choi matrices C1,Co,---,C,,. While
the above condition is given as a general linear
condition (6), it has complicated form. For exam-
ple, the paper [1, Egs. (4),(5),(6)] writes down
the form (6) for n = 2 and the paper [16, Ap-
pendix A] does it for n = 3.

In the following, we study the optimization of
our measurement to estimate the unknown action
g € G under the condition (5). For this aim, we
introduce covariant error function w(g, ), where
g is the true action and § is our guess. Since the
above case addresses only the case with discrete
outcomes, we extend the condition (5) to the case
with continuous outcomes. Our measurement is
given as a generalized positive operator valued
measure (GPOVM) M over the group G, which
is formulated as a generalization of positive op-
erator valued measure (POVM) [49] as follows.

Definition 1 (Generalized positive operator val-
ued measure). We denote the set of Borel sets
of G by B(G). A generalized positive operator
valued measure (GPOVM) M is given as a map
from B(G) to the set of positive semi-definite op-
erators on K @ H. It needs to satisfy the condi-
tions

M) =0, TeM(G)p, = 1. (10)

and

M(U;B;) =y M(B)) (11)
J

for countable Borel sets {B;}; with the condition

Bj ﬂBj/ :(D ’LUZIfh] 75]/

We introduce the covariant measurement,
whose POVM version was introduced in [48], [49,
Chapter 4].

Definition 2 (Covariant).
GPOVM M is covariant when

We say that a

M(By) == f(9)"M(B)f(9) (12)
for B € B(G) and
By :={99'}gep- (13)

We consider the subspace Hy spanned by
{lf(9)))}gec and denote the projection to this
subspace Hg by Py. As shown in Appendix A,
we have the following lemma.

Lemma 1. There exists a positive semi-definite
matriz T on Hy such that

PoM(B)Py = /B F(@)ITF(g)n(dg),
TrTp, = 1.

(14)
(15)

Due to the relation TrM (B)|f(9))){(f(g9)] =
TePyM(B)Py|f(9))){{f(g)|, it is sufficient to
treat PoM (B) Py instead of M (B).

The condition (15) will be simplified in the end
of Section 3. When M, is given as a positive
semi-definite operator 7', the above GPOVM is
written as M.

To study the precision of our measurement, we
employ the estimation error w(g, §) between the
true value g and our estimate g. When our mea-
surement is given by GPOVM M, the average of
w with the true g is given as

Dy g(M) := /G w(g, §)TeM ()| f(9))) ((F(9)]
(16)
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because TrM (dg)|f(g))){((f(g)| describes the dis-
tribution of the estimate § when the true value is
g. The Bayesian average under the Haar measure
W is given as

An:AmMMMM. (17)

The minimax criterion focuses on the following
value

Du(M) = max Dug(M).  (18)

Holevo [48, Theorem 2], [49, Theorem 4.3.1]
showed the equivalence between the minimax
criterion and the Bayeian criterion with Haar
measure in the state estimation, which is called
the quantum Hunt-Stein theorem (Also, see [50,
Theorem 4.1]). As shown below, we estab-
lish its extension to the GPOVM version, which
shows the equivalence between the minimization
of Dy, ,,(M) and the minimization of Dy, (M).

Theorem 2. When the estimation error w(g, §)
satisfies the condition

w(g,§) = w(g'9.9'9) (19)
for g,4,9 € G, we have

min Dy, (M)

min Dy, (M)
 Mcov. GPOVM
= Dy (M
T:ranlﬁnTH:ll ,(15) ,,u( T)
= min  D,(M)
- M:GPOVM
min D, (M). (20)

" Micov. GPOVM

Proof. Since the set {Mp : rankT = 1,(15)}
forms the set of extremal points of the set of co-
variant GPOVMs, we have the relation

min Dy (M) = min
M:cov. GPOVM T:rank T=1,(15)

(21)
Next, we have the relations

min D, (M)

M:cov. GPOVM

>  min  Dy,(M)> min Dy, ,(M).
M:GPOVM M:GPOVM
(22)

Dy (Mr).

and

Dy (M) > min Dy, ,(M).

min
M:cov. GPOVM M:GPOVM
(23)

For a GPOVM M and an element g € G, we
define the GPOVM M, as

My(B) := f(g)M(By)f(g)" (24)

w(g™'g',9)TeM (dg)| f(g~ g DI(f(g™" 9]
=Dy g-14 (M), (25)
where (a) follows from the definition (16) of
Dy g (M) (b) follows from the definitions (13)

and (24) of By and My, (c) follows from the con-
dition (19). Thus,

)2 [ Doy (My)uldg)

b)/Dwg g (dg)() wu(M)a (26)

where (a) follows from the definition (17) of
Dy (M), (b) follows from (25), and (c) follows
from the invariance of Haar measure p. The co-
variant GPOVM M := [, Myu(dg) satisfies

Dw,p(H) = /GDw,#(Mg)/ﬁ(dg) = Dw,u(M)7
(27)
which implies the relation
min Dy (M
M:GPOVM (M)
> min Dy, (M). (28)
M:cov. GPOVM

Also, we have
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where (a) follows from the definition (18) of
D, (M) and (b) follows from (25). The covari-
ant GPOVM M satisfies

D, (M) = meaéc Dy 4(M)
= D
= [ DMyl
< /
. réleaé{ Dy, g( g )M(dg )

:/ Dy (M) p(dg'
G

which implies the relation

) :Dw(M)a (30)

min D, (M) > min Dy, (M).

M:GPOVM M:cov. GPOVM
(31)

The combination of (21), (22), (23), (28), and
(31) implies the desired relations. O

3 Structure of GPOVM

To study the minimization in Theorem 2, we need
to discuss the structure of GPOVM. For this aim,
we consider structure of the representation space.
We denote the representation on the first system
H as

H= P thoC™, (32)
)\Géf

where n) expresses the multiplicity of the repre-
sentation space Uy. Here, we denote the repre-
sentation on Uy by fn. We denote the set of ir-
reducible representations appearing in f by G -
Then, the whole system is written as

K&®H
_( @Z/[)\@(Cn’\)@( @ (CdA/@(CnA').
)\EGf /\IEGf

(33)

By considering (2) and (3), the application of g
is written as

1f(9))) = f(9) 1)) 9) D 1) @ |In,))
/\EGf
=D AH9IL) @ )
)\EGf
= D 1)) @ In,))- (34)
)\Eéf

The average state p, with respect to the Haar
measure p is rewritten as

pp=EP &' L@ L@ L) {(Tn,].  (35)
)\Eéf

The condition (10) is rewritten as

S AV TEM (G @ I @ I, ) (I, | = 1.
XeGy
(36)

This condition can be converted to the following
condition for 7" via the condition (15);

S AU TTL @ I @ [1,) (I, | = 1. (37)
)\Géf

This description is useful for considering the re-
lation with parallel scheme.

4 Parallel scheme

Next, we discuss the parallel scheme [34, 35,
36, 37, 38, 39, 40, 41, 42].  The aim of
this section is to show that the performance
Mingank7=1,(15) Dw,u (M) can be realized by
Parallel scheme.

To have a large multiplicity for each irreducible
representation spaces Uy, we employ a reference
system C! with dimension /. Then, we have

HoC = P U, ®C™. (38)
MGy

However, when the input state is a pure state,
the orbit is restricted into the following space by
choosing a suitable subspace C™n(@xn2) of Clna
That is, our representation space can be consid-
ered as follows.

@ u)\ ® Cmin(dk,lnx). (39)
)\Géf

In the following, we consider the above case. We
denote the projection to Uy @ C™n(dniny) By py
When [ > dy/ny for any A € G f, our representa-
tion is given as

= P uhoCh. (40)
/\Eéf

Accepted in {uantum 2025-10-16, click title to verify. Published under CC-BY 4.0. 5



A parallel strategy is given as a pair of a choice
of an input state p on H’ and a choice of a POVM
IT on H'. The error probability is written as

Dup D) 1= [ w9 9)TIAG)f(9)pS (9)'.
(41)

In particular, as stated below, the reference
[41, Theorem 1] showed that the optimization of
the average of the error w satisfying the condition
(19) under a parallel strategy can be achieved by
the following simple strategy. The input state
is a pure state [¢) on H'. The choice of our
POVM can be restricted to the following covari-
ant POVM Il,,;

B)i= [ 1) IF)(FIf(9)nldg)  (42)
for B € B(G), where

= P VL)) (43)

/\Eéf

Hcov(

Hence, this parallel strategy is characterized by
the input state |¢)) and is denoted by S[|¢)]. The
error probability is written as

Dy(|1)) := Duw([90) (4|, Heow)- (44)

Then, the preceding result [41, Theorem 1] is
stated as follows.

Proposition 3 ([41, Theorem 1]). Assume the

condition (19). Then, we have

min Dupu(p, T) = min Dy(l)).  (45)

Our result is to state that the this value
minyy Dy (]1)) gives the optimal value even un-
der much larger choices. Any vector | X) in H® L
has the following form

=P P ey  (46)

AEéf )\’Géf

on the system ®Aeéf ®A'eéf Uy Uy @ C™ ®
C™, where |Y) ) is an element of C™ ® C™
and X y is a matrix on U so that [ X y)) is a
vector in Uy ® Uy as the way of (1). When the
rank-one operator 7' = | X )(X| on K®H satisfies
(15), we choose the pure state [¢)[T]) as

= @ &, Pl )IXT).  (47)
)\EGf

Then, our result is stated as follows.

Theorem 4. The condition (37) guarantees the
normalizing condition of |W[T]). Then, the be-
havior of the strateqy My is simulated by the
above parallel strategy with the input state |1[T]).
That is, we have

min D M
Tirank T=1,(15) w’“( )=

min Dy, (I))- (48)

Since Theorem 2 addresses a much larger class
than the parallel scheme, our result, Theorem 4,
recovers Proposition 3 as a much stronger result.

Proof. We have

(X1f(@)lf(e))

= > (Xl ® YAl f (@) @ [In,))
MG

=Y ML ) (Xl f(9) 1)
pYer

= > Ml )V TrXS, f(9)
MG

= > VL ) (DIF9IX))
NGy

= 3" a2 ULIF@)dy L)) X))
AeGy

=(F|f(g)[¥[T])- (49)

Then, we have

Tef ()T f(9)] F(e))((f(e)l
=((F@)IF (@) TIX)(X|f(9)If(e))
=(F|f ()| 0[T) ([T £ (9)|F)
=T f(9)"|F)(F|f(9)[[TT) (& [T]]. (50)

Replacing g by gg’, we have

Tef(9) T F(@)IF () {(F (9]

=Trf<g>*|F><F|f<§>f(g'>|¢[T]><wT]|f<g’>z. |
51

Therefore, the behavior of the strategy My with
the unknown action ¢’ is simulated by the above
parallel strategy with the input state [¢/[T]) with
the unknown action ¢’. That is, the performance
Mingank 7=1,(15) Dw,u(Mr) can be realized by
Parallel scheme. O

In the conversion in the above proof, the free-
dom of the choice of our covariant GPOVM is
converted to the choice of our input state in the
parallel strategy. Here, the state in the general
setting corresponds to the measurement in the
parallel strategy.
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5 Conclusion

This paper shows that indefinite causal order
strategy nor adaptive strategy does not improve
the performance of estimation of unknown opera-
tion given by a projective unitary representation
of a compact group G. In fact, the papers [41] al-
ready obtained the optimal estimation in various
examples under the parallel strategy. These pre-
ceding results give the optimal performance even
under a more general setting including both in-
definite causal order strategy and adaptive strat-
egy.

Finite group is a special case of a compact
group, the paper [51] initiated the discrimina-
tion of the unitary operations given by a pro-
jective unitary representation of a finite group,
and the paper [16, Theorem 1] showed that nei-
ther indefinite causal order strategies nor adap-
tive strategies improve this type of unitary dis-
crimination under the uniform prior distribution.
Since our error function covers the case with the
delta function in the finite group case, our re-
sult recovers the above result by [16] as a special
case. Although the paper [16, Theorem 1] studied
only the average discrimination error probability,
our analysis covers the worst discrimination error
probability as well because our analysis contains
the minimix criterion.

We have formulated a covariant GPOVM as
Definition 2, and have shown that it can be writ-
ten by using an operator T satisfying the condi-
tion (15). The condition (15) can be simplified

o0 (37). We can expect that this formulation can
be used for more general cases. However, this pa-
per does not consider the case with noisy chan-
nels. It is an interesting open problem to extend
the obtained result to the noisy case. Although
the generalized Hunt-Stein theorem can be eas-
ily extended to the noisy case, the derivation in
Section 4 highly depends on the noiseless setting.
Therefore, we can expect that the noisy case has
an advantage of indefinite causal order strategy
and/or adaptive strategy over parallel strategy
even under the group covariant setting. It is an
interesting open problem whether a similar ap-
proach can be used in more general situations,
such as the noisy case.

The obtained unusefulness of indefinite causal
order strategy and adaptive strategy is related to
group symmetry. In fact, similar facts have been
proved in the contest of secure network coding.

The preceding studies show that adaptive modifi-
cations of the input information in each attacked
edge by the adversary does not improve the in-
formation gain by the adversary when all cod-
ing operations are given as linear operations for
classical secure network coding [52, 53, 54, 55]
and quantum secure network coding [56, 57, 58].
But, the paper [59] shows that this kind of im-
provement exists when nonlinear network code
is applied. Therefore, it is another interesting
open problem to clarify why secure network cod-
ing and the estimation of group action commonly
have the unusefulness of adaptive strategy.
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A  Proof of Lemma 1

Step 1: Construction of 7.
We define the ¢ neighborhood Us 4 of the ele-
ment ¢’ as

Usg =19 € G|l f(g) —

We define the operator Tj :=

f@Hlh<a}y.  (52)

M(Us)/u(Us) with

Us := Us.e.
Since
TeM (By)py =Tef(9) M(B) £(9)py
—TrM(B)p,. (53)
we have
Try/ppuPoM(B)Poy/pu = TrM(B)pp

= / TrM(Bg)pup(dg) = Tr / M (Bg)p(dg)pp
=Trp(B)M(G)pp = p(B). (54)

Hence, the  maximum  eigenvalue  of

/PuPoM (B)Py,/p, is upper bounded by u(B),
i.e., the maximum eigenvalue of PoM(B)P, is
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w(B)
/\min(l)u) ’

upper bounded by where Amin(py) is

the minimum eigenvalue of p,. That is,
1(B)
PyM(B)Py < ———— P, (55)
)‘min(Pu)
Also, (54) implies
TrTsp, = 1. (56)

Since Ty > 0, Ts belongs to the compact set {X >
0|TrXp, = 1}. There exists a sequence d,, such
that §,, = 0 and the limit 7" := lim,,_,o PyTs, P
exists. Since Tj, is positive semi-definite, 7T°
is also positive semi-definite. In addition, (56)
guarantees (15). The remaining issue is the proof
of (14).

Step 2: Proof of (14).

To show (14), we prepare the following nota-
tions as Fig. 1.

Vsi g = cl(Us g) \ Us 4
Ry 59 :=1{91 € Uy g| min [f(g1)— f(g2)ll > 0}
92€Vsr 4

Ry 5 =Us 4\ Ry sy (57)

for ¢’ > 26, where cl(Uy 4) is the closure of the
set Uy 4.

Figure 1: Hierarchical structure of sets

For g1 € Ry 54, we have Us, C Us 4. Since

g1 € Us g for ¢’ € Us g, C Uy 4, we have
W) [ 6D Tt
él,g

=/, M(Us g )pu(dg') > p(Us)M (R 5.4), (58)
5’,9

which implies that the contribution in the subset
Rs 5,4 is well reflected in ny F(9)Tsf(g).
g

We choose ¢’ € Ry 54, We have ¢’ € Uy,
and [ f(g") — f(g2)l| > 26 for g» € Vi 4. For
9" € Us g, we have | f(¢") — f(¢')]| < 4. Hence,

1£(g") = fla2)ll > [If(g") — Fla2)l = If(g") =
f(g)| > 9, which implies Us ¢ C R 5. That is,
for ¢’ € Rg/’gg,g, U57g/ \ R(;/’(g,g is empty. Thus,

0<p(Us) [ F(6)'Tss (gt

5.9

— u(Us) M (Ry 5,4)

= M(U(S,g’ \ R(S’,é,g)ﬂ(dg/)
U§’,g

= M(U57g/ \ Ré’,é,g)ﬂ(dg/)

R&’,Qé,g

< M(Usg)p(dg').- (59)

Rt 25,4

Since pu(Us,g) = p(Us), the combination of (55)
and (59) yields

0 <u(Us) / F(@) P TsPof (g )p(dg')

Ust g

— u(Us)PoM (Rs 5,4) Po
<,
1(Us)

S A e
Ré’,25,g )\min (pu)

:M(Ua)M(R&,%,g)PO, (60)

)‘min(Pu)

which implies

PyM(Us g ) Pop(dg')

§7,28,9

Pop(dg")

0 <PoM(Us g)Po — PoM(Ry 54)Fo

< (Rsr 25.4) P
/\min(Pu)

Thus, we have

(61)

PM Uy )P = [ £(9) RiTsPof () do)

8.9

(Rt 26.4)

< .
~ Amin (pu)

(62)

Since u(Ry 25, 4) — 0 and PyTs, Py — T as n —
oo, we have

PoM (Uy ) Py = /U F@) T f(g)u(dg). (63)

Since any Borel set can be generated by sets
{Us 4}, we have (14) for any Borel set B.
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